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PREFACE 


The present Thesis deals with certain interesting problems 
in 7i-dimensional Geometry. The method adopted is one of 
deduction from first principles. Although the physical existence 
of spaces of dimensions higher than three may be controversial, 
the theoretical investigation of the properties of such spaces is 
quite logical. The subject lends itself easily to analytical 
treatment, combined with occasional use of geometrical methods. 
The first ideas were taken from a paper published by Dr. S. D. 
Mookerjee, M.A., Ph.D., in the Bulletin of the Calcutta 
Mathematical Society. In the absence of any regular treatises 
on the subject in the English language, I had to work out all the 
results independently and consequently most of the theorems in 
the present thesis are the results of my independent thinking. 

Most of the original worker^ in Higher Geometry are either 
Italian, German or French. I had to go through some standard 
works in those languages in order to be able to compare my 
results with those of original authors. The mode of treatment 
in these works is found to be different from that of mine. 
These authors have confined themselves chiefly to the study of 
construction of Hyper-spaces, with special reference to their 
projective properties, while my attention has been devoted mostly 
to metric properties. In fact, my attempts have been confined 
to a systematic and legitimate extension of two or three 
dimensional Euclidean Geometries, and the present Thesis might 
reasonably be termed as ''General Euclidian Geometry.*’ "The 
science of Abstract Geometry presents itself in two ways : — as a 
legitimate extension of ordinary two and three dimensional 
Geometries and as a need in these Geometries and in analysis 
generally. Whenever we are concerned with quantities connected 
together in any manner, and which are, or are considered, 
as variable or determinable, then the nature of the relation 
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between the quantities is frequently rendered more intellif^ible 
by regarding them (if only two or three in number) as the 
co-ordinates of a point in a plane or space; for more than three 
quantities the case becomes more complex and there is greater 
need, of such representation. Hut this can only be obtained by 
means of the notion of a space of the proper dimensionality.”* 

The notion of Hyjjer-spaces is s])ontaneously presented to 
Mathematicians, who, having to deal with questions on more than 
three variables, interpret this fact in words analogous to those in 
ordinary analytical Geometries of two or three dimensions and 
seek a solution in this new light. In order to trace the origin of 
this notion we must refer to former writers. t An explicit 
exposition of it in various directions commences from the middle 
of the last century, in the works of Cayley, Grassmann, Biemann, 
Beltrami, Betti, Lie, Klein, Tchlafli, Jordan, Clifford, &c. 
Although these authors have enunciated many ideas and theorems 
on the Geometry of Hyper-spaces, nevertheless it may be 
said that the first original work of general character is due 
to Veronese. t In his great work Veronese has exposed a system 
of postulates relating to the metric and ju’ojectix e Geometry of 
spaces of any number of dimensions. This work has been 
translated into the German language by Adolf Schepp, and 
contains a synthetic treatment not only of Euclidian spaces but 
also of Riemann’s and Lobatschewsky ’s as well. 

The number of books and memoirs on the Geometry of 
higher demensions has increased enormously in recent years. 
In 1870 Cayley published his '^Memoir on Abstract Geometry. 
Jordan, in 1875, gave a methodical generation of metrical 


J . Vide A. Cayley, — Phil. Trans, of the Royal Soc. of London, Vol. OIX, 
1870. 

f Segre — Su alcuni indirizzi nelle inveatigHzioni geonietriclie (Rivista di 
Matematica 1891). Translated into English in the Bulletin of the American 
Math. Soc. 10 (2), 1904, 

, Jordan , — Essai sur la geom6trie a n dimensions — Bull, de la Soc. Math, de 
France, Vol. III. 

J Grundzfige der Geometric von mehreren Dimensioncm und Arten etc. 
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geometry, by t means 6f Cartesian coordinates. In 1882. Veronese 
.pubJished ,his ‘^jyeat work. Schoute,* * * § in a book of two Yoliimes, 
made the subject very clear and interesting by using a number 
of ^ methods. A remarkable memoir on geometry of n 
dimensions was written by L. Schlaflit in 18o0-1852, but was 
publislied afte^ his death, in 1911. He works out in great details 
the tiieory of perpendicularity and the angle-concepts. As I 
had no occasion to consult ipost of these authors 1 cannot assert 
witii certainty how far my attempts have been successful in 
producing new results, or how far I might have been anticipated 
by them. 

In Chapter I, Hyper-spaces have been represented by means 
of analytical equations and in some places proper interpretations 
to these equations have been given. At the outset I have 
started with the notion of n co-ordinates of a point ; but at a 
later stage several postulates enunciated by Prof. Cayley have 
been assumed. 

In Chapter II, I have dealt with angles between spaQ^s. 
The angle-concepts between spaces were first studied algebraically 
by Jordan (1875), geometrically by CassaniJ (1885) and b^f 
Castelnuovo^ (1885). Castelnjiovo in the course of his 
investigations proved a very elegant theorem that the r angles 
between two /-spaces Sr and S',, in a ’^r-space are all real. 
Veronese has given the following definition of angles between 
two Spaces : — 11 

“ Indem wir eine ahnliche Methode befolgen wie bie der 
Definition der Winkel von Strahlen, Halbebenen und Halbraumen 
von drei Dimensionen (Theil J, Buch III, Kap 1, 7. und 
Theil II, Buch 1, Kap 1, 7), verstehen wir unter den Winkeln 


* Schouto , — Mehrdimensionale Geometrio, Sammlung Schubort, XXXV 
and XXXVI. (Leipzig.) 

+ Schlafli — Theorie der vielfachon Kontinuitat. 

t Cassani — Rondiconti dell’ Aco dei Lincei, (1885.) 

§ Castelnuovo — Atti del R. Istituto Venefco, (1885.) 

II Veronese — Grandziige der Geometric &o. §. 169, Bern II- 
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zweier Raume and diejenigen, welche durch die kleinsten 
normaleh Abstande ihrer unendlich fernen Raume gemessen 
werden.” 

In Chapter III, some properties of Hyper-Spheres have been 
considered. 

I must refer to the fact that at the time of preparing the 
thesis, I had no opportunity of consulting the work “ Matrices 
and Determinoids ” of Dr. C. E. Cullis. But I hope that most 
of my results could be simplified by introducing the elegant 
notations used in that book. 

In conclusion, I beg leave to acknowledge my indebtedness 
to the Hon’ble Justice Sir Asutosh Mookerjee Kt., C.S.I., 
M.A., D.L., etc. who encouraged the prosecution of my studies 
in Hyper-Geometry, to Dr. Shyamadas Mookerjee, M.A., Ph.D. 
for help with valuable suggestions in preparing the thesis and 
to the authorities of the Calcutta University for its publication. 


Calcutta University Library. 
October, 1914. 


S. M. Ganguli. 



Symbols and Abbreviations used. 

(1) The line — stands for the half -line whose direction- 

cosines are (Zj, Z,, Zg,..J„). 

(2) The plane (Z, m) — stands for the plane determined by the 
two intersecting lines ‘ Z ’ and ‘ m.’ 

A 

(3) The angle Zm— stands for the plane angle between the 
lines T and ‘ui’. 

A 

(4) The symbol (Ztw)— stands for “Cosine of the angle Zm.’^ 

A 

(5) The „ [Im]—’ „ ,, “Sine of the angle Zm.’’ 

(6) ,, „ [Zm/jpq']— stands for the function 


M 

Ir 1. 

Vr 



m, w. 

9r 

9- 


[r=l,2,3,,..n ; 5=r+l,r-|-2,...n] 
etc. etc. 
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CHAPTER l—Qeneral Properties. 

• 

§ 1. The Euclidean Hyper-space of ^I'-dimensions 

The Euclidean Hyper-space of 7t-dimensions (or an n- dimensional 
space or simply an n-space) is characterised by the fundamental 
property that through any point of it can be drawn n right 
lines, and only n, which are mutually at right angles. 

§ 2- Eor purposes of analytical investigations in the Hyper- 
space of ?i-dimensions, we refer all our elements to n axes, 
mutually orthogonal, drawn through any point as origin. The 
coordinates of any point are determined as follows : — 

Let P be the point and 0 the origin. Then, if M,, 

Mn are the projections of P on the n axes through 0, OM^, OJf,, 

0M„ are the n coordinates of P and are generally denoted' 

byojjjiCjj £c„. This is an extension of ordinary G-eometries 

of two or three dimensions j but we may start from a difEerent 
point of view with only n unknowns, and conceive relation or 
relations between them. Professor Eugenio Bertini of Pisa 
starts with this latter view, as is evident from the following 
lines : — 

“ Astraendo da ogni possibile rappresentazione geometrica 
od intuitiva, si dehnisce Spazio ad r dimensioni e si indica con 
S,., o anche con [r], la totalita formata da tutti i gruppi di valori 

(reali o complessi) dei rapporti di (r+l) parametri x^y \ 

escluso che questi parametri possano diventare tutti nulli o 
alcuno infinite. Ogni tale gruppo dicesi punto dell’ e le x^t 

Xr si chiamano le sue coordinate omogenee, mentre si 
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dicono coordinate non omogenee del punto i raporti di r delle 

Cj, alia rimanente,”* 

§ 3- If a chain of lines 0 0^ 0^ Og 0„ he drawn from 

the origin and if the successive links of this chain be equal and 
parallel to i g, rg respectively, 0 , must coincide with P. 

For the projection of OP on the rth axis is .i',. and the pro- 
jection of this chain on the same axis is also Therefore the 

projection of P0,j, which is the difference of these two projections, 
is zero on the rth axis. But this rth axis may be any one of the 
n axes. Hence P 0 „ must either vanish or be perpendicular to 
each of the n axes. But in an Hyper-space of n dimensions 
there cannot be more than n axes through a point, mutually 
orthogonal. Hence P must coincide with 0 ,i.t 

§ 4 - Hence follows that, if r is the length of the line OP and 

2, (i = l, 2 , . 3 , ,n) its direction-cosines, 

+ +xl 

1 =25 + 25+25 + + 2;. 

Also, 

rr^cos +,<*2 vl + +aj,ia*l, 

or, 

where (.cj, ''D are the coordinates of another point 

P\ r' the length OP^ and (/{, 1 ] ZJ) its direction-cosines and 

9 the angle between OP and OP^. 

§ 5- Hyper-space of ^-dimensions contained in an 
Enclidean tl-space: — An ?--space may be defined as a space 
determined as the join of (r+ 1 ) given points (r< 71), provided 
no two groups of points, taken from the given points, are 
conioint" i.e. determine identical dimensionals as their joins. 

* Bertini. — Introduziono alia Geometria Proiettiva degli Iperspazi, Cap°I. 

English translation. — From all possible geometric or intuitive representa- 
tions, a space of I'-dimensions denoted by S,. or by [r], 'a defined as the 
aggregate of the groups of values (real or complex) of the ratios of (r -H 1) 
parameters »o» ■■ ■ where none of these parameters is infinite and 

all are different from zero. Every such group is called a point of and 

• 07 ^ 17 *®! a? ^ are called its " Homogeneous coordinates,” while the ratios 

of r of Xf to the remaining one arc called the “ noii-homogenoua 

coordinates.” 

t This proof has been taken from Dr. S. D. Mookerjea's Paper I on 
‘‘FArtintetiric coefficients — Bulletin Calcutta Hath. Soc. Tol. I, No. 3,' 1009. 
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This join of (^’+1) points generally means the “ indefinite space " 
through the given points.* 

Prof. E. Bertini gives the following definition of a fc-space 
in an r-space : — 

Let Xqj be any ( /If + 1) independent points in 

an r-space. Then the coordinates of any point x in the A;-space 
determined by these points are given by 

(A.) x^ — \q Xq i 1 "h ^jfc t 

(»=0, 1, 2, 3, r) 

where Xq H-X^ + H-X;t =1 

All the points, which are obtained from (A) by varying the 

parameters X^, X^, X;i, are said to constitute an Aggregate 

(oo*): and a.s the points of this aggregate may be made to 
correspond uniquely to the system of values of the parametei^, 
the same Aggregate is a “ Spazio lineare (or simply Spazio) a 
h dimensioni '' and exactly a ‘‘ Spazio /S* suhovdinato delV 

The definition given by Veronese is essentially the same as 
we have given above, as will appear from the following lines; — 
“(n + 1) unabhdngigp, pnnlcte hestimmen einen Baum von n 
Dimensionen nnd die.ser wird durch (h+7) seiner unahhiingigen 
punlcte hestimmt." + 

§6 To find the condition that (r+1) given points in 
an n-space may not be “ conjoint/’ or that the (r+1) points 
may be ‘‘independent” 

Let XJ^ (/=0, 1, 2, r ; i = l, 2, n) be the coordinates 

of (r+1) given points. 


Now 

consider the 

following 

(n + 1) linear equati 

ons : — 


CK 

+ Xi 

+ Xj + ... 

. .. +Xr 

= 0 


1 l 

+^i'^i 

+ 

. . . + X ^ 

=0 

(I) 

■ ■ • 9 

. 1 

+ X J V , 2 

+ 

+ X ^ j 

=0 


1 ■ ■ ■ 

L^O^O n 

+ Xia!,, 

+ 

+ X ,. .T* ,. ,1 

=0 


* Vide . — Biillofcin Oidcutta Math. Soc. Vol. T, No. 3, 1909. 
t Bertini. — Ibid, Cap®!, n 5. 

t Veronese .- — “ Fondamenti di Geometria &c.,” trnnalated into German- by 
Adolf Schepp, — “ Griindziige der Geometrie von mehreron nimensionem^ Ac.” 
— § 167, Satz. ITT, Zua. 

English translation — (a+l) “independent” points determine a space of 
n dimensions and a space of n-dimensions is determined by (n + 1) of its 
“ independent ” points. . 
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which are obtained by equating' to zero the same linear combina- 
tions of the coordinates of the points with the parameters 

^15 subject to the condition Xp+A^-I- -|-A^=0. 

These (i’+l) points will be conjoint or not (dependent or 
independent), according as there are or are not values of the 

parameters X^, X^, X,., not all zeros, which satisfy (I), 

that is to say, (I) are satisfied only by values, not all zero, of the 
same parameters. 

If r-|-l>w+l, the points are necessarily “dependent” or 
“conjoint,” because denoting by c (^n + 1) the characteristic 
of the matrix (I), they may be satisfied by taking at pleasure 
certain r-|-l — c(>o) of the parameters Xj,, X^, X,..* 

If the characteristic c of the matrix (I) is 

When c=7'+l, the (r+1) points are “ independent, 
because (I) cannot be satisfied except by values, all zero, of 
^ 0 » ^11 

If cl r+1, the (r-f 1) points are “conjoint.” With the con- 
vention that a matrix will be zero, when all its minors of 
maximum order are zero, and it will be different from zero in 
other cases, t it may thus be said that “ (r + 1) points are dependent 
or independent according as the matrix 


1 1 1 . 


»oi 




^0 M ^ 1 N ^2 '^rn 


=0 or =/= 0.” 


§ 7. The most general equation of the first order in an 

n-space may be taken as a^x^-\-a^x^ + -f -f =0 ; 

and hence contains (w + 1) arbitrary constants. But we may 
divide out the whole expression by any one of the constants. 
Therefore the number of disposable constants is n, and the 
equation can be made to satisfy n conditions and no more : 


* CapelU . — Istituzioni di analisi algebrica, third edition, n, 446. 
f 0 E Cnlli3 — Matrices and Determinoids, Th. I,, § 30, 
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e.g, it may be made to pass through n independent points. Thus 
any n independent points will determine uniquely the coefficients 
of an equation of the first degree and hence by § 6j an equation 
of the first degree always represents an (n-1) -space or 
(n-l)-omal 

N.B . — If any ii. points satisfy the above linear equation, any 
other point whose coordinates are of the form Aq iCp , + A^ 

+ A„_j ^’* 1-1 1 ) will also satisf}' the above equation, where Aq+A, + 

+ A*_^=l ; the coordinates of any point in the 

(»-l)-space are of the form Aq -f A^ x^i + +A,._^ . 

[/=!, 2,3, ...u] 

§ 8 To find the equation of an Hyper-space of r dimen- 
sions passing through (r-l-l) given points O' in). 

Let the coordinates of the (r+1) given points be denoted by 
1, 2, 3, r ;i = 1, 2, 3, n). 

We have seen in § 7 that the coordinates r, of any point x 
lying in the apace determined by the given (r + l) points may be 

written asa?, = A^ cUy, -j- A^ .iq , + + A,, x,. 

(i = 1, 2, 3, n) with the condition, 

1 = Aq + Aj + Ag + + A, 

Hence, since r+1 Z ?i + l, it is possible to find values of the 

parameters Aq , A^ , A^ , not hll zero, such that the above 

equations are satisfied and thus the locus of x, (^= 1, 2, 3,...7i) is 

obtained by eliminating Aq , A^ A^ between the above 

equations : — 

*1 ■''a =0 (1) 

^0 1 ^oa ^os *o» 

■r j j a '*'i .1 '*’i » 

1 ^ra *^'*^**3 ^rn 

This gives (w-r) independent equations of the first order. 
Hence the intersection of (n-r) spaces of (n-1) dimensions is a 
space of r dimensions. 


Cayley. 
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This exactly coiTesponds to what Prof. Cayley says that an 
(n-r) -fold linear relation determines an r-omal.* 

§ 9- An r-space may be represented by means of analyti- 
cal equations when one point and r independent lines through 
the pointy all lying in the r-space^ are given- 

Let P (a^, a^, a„) be the given point and let Iji 

(^j = 1, 2, 3, T \ i = 1, 2, 3, n) be the direction-cosines 

of the given lines through P. 

Then any point on any of these lines must have its coordinates 

given by a; + , {i = 1, 2, r ; i =. 1, 2, n) where 

r j is the distance of the point from P. 

Thus altogether we have (r + 1) points of the r-space and its 
equations by § 8 f’a-n be written as ; — 




'’t. 

1 

a. 




1 

tti + ’Jii 

^2 "I" ’'l^l2 

c*'/. + « 

1 

1 <»l + 

... 

(l„ +»*,.?,« 

1 


which simplified give the following equations for the ^'-space : — 


x^—a, 


Xn — a„ 

Li 

L, 






Li 

L, 


2 1 

2 2 

\ 

1 

Kr 

Ir, 

Ir. ' 


which give (n-r) independent linear equations to determine the 
r-space. 

§ 10 - We have defined that through any point of an w-space, 
n right lines, and only n, can be drawn mutually at right angles. 

Of these, if the point lies in an r-space, r can be taken to lie 
in the r-space and hence the remaining (n-r) mutually orthogonal 
lines are such that they are orthogonal to r-lines in the r-space 

* Cayley — A Memoir on Abstract Geometry, Phil. Trans, of the Royal Boo. 
of Loudon, Vol. CLX, 1670. 
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and therefore they are perpendicular to any line in the r-space 
drawn through the point.* These (n-r) orthogonal lines are 
therefore normal to the r-space. 

Hence we infer that through any point of an r-space, (ti-? ) 
independent normals to the r-space can be drawn. The (w-r) 
orthogonal lines determine an (7i-r) -space orthogonal to the given 
r-space and all lines drawn through the point normal to the given 
r-space will be in this “ normal space t 


* This may be proved as follows : — 

Let Ij , (i = 1, 2, 3, n ] j = 1, 2, 3, . ii) bo tlie direction-cosines of n 
mutually orthogonal lines, of which the first r may be taken to lie in the 
r-space. 

The direction-co.sines of any line in the r-sj)ace may be taken as — 

k=r 

^ hi (1 = 1, 2, 3, .. . n), when A* is an arbitrary multiplier. 

It will be sufficient to prove that any one of the remaining (n-r) lines, — 
the (r + l)th line for example, — is perpendicular to this line, 

The condition of perpendicularity requires that 

^ ^ + 1 1 ^ h I =0 

1=1 k=i 

or that, ^ Alt ^ h, = 0 (i; 

*=i 1=1 

But the (r+ l)th line is orthogonal to the r lines and wc have 

i] h, t.+i. =0, {1c= 1,'2,3, r) 

i.e. the coefficient of A^ (k= 1, 2, 3, r) in (1) vanishes and hence 

the conclusion. 

t The following proof may be added ; — 

The direction- cosines of any line must be of the form 

t = n 

^ hx, (i=l,2, 3, . ..n). If this is perpendicular to the r 

t = i 

lines we must have 

A. =0, (j=l,2,3, r) 

1=1 «=i 

or A, i'* h, = 0, (i= 1, 2, 3, r) (2) 

» = i 1 = 1 

111 virtue of the relatiou that the n lines are mutually orthogonal we 
obtain from the r equations (2) 

Aj— A,2 = Ay= =A,. — 0, 

and therefore, the direction-cosines of the line may be expressed as 

l = n 

^ A, Itx , (i=l, 2, 3f n) and this shews that the line 

t=r+ 1 

lies in the normal (n-r) -space. 
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We can thus find the equations of an r-space, when one point in 
it and the direction-cosines of any set of (n-r) independent 
normals through the point are given. 

For, let P (a^, ... a„) be the given point of an r-space and 

let the direction-cosines of (n-r) independent normals through 
P be given by 1 , , (j= 1, 2, 3, n-r ; ^ = 1, 2, 3, ... ii). 

Let Q (a?!, .i-g, ... x^) be any point in the r-space. Then 

the direction - cosines of the line P Q are proportional to 

(.u,— da) 

Thus, from the condition of perpendicularity of the line P Q 
and each of the (?i-r) normals, we get (w-r) equations of the type 

(■‘■l— “l) hi + (*J— ‘‘s) hi + + (l’.— a.) hn = ^ 

(i=l. 2, 3, n-r). 

Therefore we obtain (?i-r) independent Imesbr equations to deter- 
mine the r-space. 

Cor bh’om this we conclude that, if (n-r) independent linear 
equations are given to determine an r-space, the coefficients in 
each equation are proportional to the direction -cosines of a normal 
to the r-space. 

Let us take the case of a right line in 3-dimensional geometry 

r a, a: + 6i 2 / + Cl z + d^= 0 

given by the equations < 

X + y + z + d^= 0 

We know that and are respectively propor- 

tional to the direcbion-cosines of the normals to the two planes and 
hence of two lines perpendicular to the line of intersection. 

§ 11. To find the equations of a space, orthogonal to a 
given r-space and passing through a given point. 

Let P (ai,aa, ... a^) be the given point and let the equations 
of the given r-space be 

+ + ... +i,,aj«+k— 0 ... (1) 

0 = 1, 2, .3, n-r). 

Therefore, the equations of the parallel r-space passing through P 
are + ... +0 n(®n — (2) 

(/=1, 2, 3, n—r) 
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Now, every line in a space orthogonal to a given space is 
perpendicular to every line in the given space. But since there 
are only (n — r) independent normals which can be dra-vn to 
an r-space through a given point in it, any other line drawn 
through the point and orthogonal to the ]’-space must have its 
direction -cosines as linear functions of the direction-cosines of 
the (n— r) independent lines. 

Let Q (f'l, aJgj ’''a ' point in the orthogonal 

space. Then the direction-cosines of the line PQ are propoi’ti oi.nl 

to tC 1^ ^ 1 j ® 8 ^21 ^*3 ^3 ■ ■ * ‘ U" n ■ 

Hence, from what has been said above, we must have 

p{ '*• )=^l^l * +^2^2 * +^3^3 • + +^i.-r h-r i (3) 

(^■= 1 , 2 , 3 , ,0 

Eliminating the (n — 7'+l) quantities p, X,,_,. from 

these equations we get 



This gives r independent linear equations which determine an 
(n— r)-space, passing through the given point, orthogonal to the 
given r-space. 

§12. To find the equations of a perpendicular to an 
Hyper-space of r-dimensions, drawn from a g^iven point 
outside it- 

Let the given point be P « 2 , o,, n,,) and the r-space 

be given by 

+/ ; a ’’2 + d-A—O... :..(!) 

(y=l, 2, 3, n—r). 

Let Q be the point where the perpendicular throngli P meets 

the r-space. Let (^i, ?ai ^•) direction-cosines of PQ. 

Then we may take its equations to be 
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Since PQis a normal to the r-space at Q, it lies in the normal 
space at Q and hence its direction-cosines must he representable 
as linear functions of’ the direction-cosines of the inde- 

pendent normals at Q. 

Hence 

/.,=Xl Z^.+Xa ^2,-1- h^-r 

(*■ =1, 2, 3, ii) 

Eliminating (}i — r) quantities X,,Xj, X„_,. betweeJi equa- 

tions (3) we get 


h 

h 

h 


=0 







'a, 

^2 2 

h. 



^ w — r 1 

^ w — ) 2 

^ »i — r 3 • • ■ 

1 



These give r equations involving the n quantities (unknown) 

(^1) ^2J ^aJ ^ <1 ) ••• (4) 

Again the coordinates of the point Q may he taken as 

ai+?i y, ^a-f/a ••• + ^ (where r=PQ). 

Since Q lies in the 7-space we must have, from equations (T) 
(w— r) equations of the type 

/,! (fl^i+/iO + ?y 2 (^'2 + ^ 2 ^)+ (n„ + /„r) + A’=0. 

or 

^ J'i+^^2^+ + 1 «!+?'., a ^2+ 

(/=!, 2, 3, ... r) ... ■•■ (^>) 

Eliminating r between these (n— r) equations we get a 
series of (?i— r— 1) equations involving only the n quantities 

^1J ^2 *'• ^ •** ■■■ 

Hence from equations (4) and (6) we get altogether (71 — 1) 
equations to determine the ratios of the v quantities 1^, ... 7„. 

Thus determining these ratios, we substitute in equations 
(2) which give the equations of the perpendicular to the 
r-space, 
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Cor From any of the (?i — r) equations (5), we can find the 
length (r) of this perpendicular and then the coordinatew of the 
point Q, the foot of the perpendicular through P. 

§13- To find the coordinates of the foot of the perpendi- 
cular, drawn from an outside point, to a 3-space determined 
by four given points- 

Let P (ttj, ... a„) be the point and let the 3-space be 

determined by the four given points, whose coordinates are given 
by h,, c. , , d ^ .) respectively (r = l, 2, 3, ... n). 

Let the coordinates of the foot of the perpendicular from P on 
the 3-space be denoted by (tf,, .Cg, ... 

Since this point lies in the 3-space, the coordinates must be 
expressible in the foi'in 

■r,. =Aa,. -f pi,. H-vc,. d-pcZ, ... ... ... (1) 

(r=l, 2, 3, ... ^0 

l = A. + pH-r + p ... ... ... ... (2j 

where A, p, v, p are indeterminate. 

^o\y the dii'ection-cosines of the per})endicular from P are 
proportional to (a\ — a cTjj —ttg, x^—a^ ... — respec- 

tively ; and also the ]jorpendicnlar is at rt. angles to all lines 
drawn in the 3-.space. Xow the direction -cosines of lines joining 
the point a to h, c, d are re.spectively proportional to fit,. —6,. ; 
ti , r , <1 d‘ ,. , 

(/ =1,2,3, ... 

, — n 

Hence ^ (r,. — a,.) (r/, — i,)=0 

r = 1 

5 (*. — “v) (a,— Cr)=0 

r=i 

(a,-r/,)=0 

>■ = I 

From (3) we easily deduce 

r = 71 V = n r = n 

^ o-,- ^ C‘*’r Cl,. ^ (.1 ^>- 1 ) r,. 

r=i r = i 1=11 

= 5’ (.''r.-<ir) nJr=^ (say). 


u). 

1 


... ( 3 ) 
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By substituting the values of .i', from (1) in these equations we 
obtain 


A. 2 « r 4- /A ^ (lyhy+V S ttyCy+P ^ U , (l y — ^ 

1111 1 

(I, h, + pi -\-v ^ b yC y p ^ h , il y — ^ b yay 


ttyCy+fl ^ hyCy -\-V ^Cy ^ P ^ C y (l y ^ ^ ^ C ,. y 


1 

n 2 


> 1 . ^ a,d,+/i ^ b,(/, +y ^ c,(l,+p — 6= ^ d,a, 

1111 1 

also,! + /A + V + p — 0e= 1 


(4) 


From the above five ecjuatious in (4) we can easily find the 
▼alues.of tlie five unknowns X, p, v, p, 6. 

Thus, 


e X 


2 

5 «. ^ «r&. ^ «.fr 5 a,d, 1 

S S K S t.Cr E i'.'fr 1 

2 

S a,v,. ^ h,c, ^ c, S c,(y, 1 

2 

^ ^ ^ Cydy 5 dy 1 

1 1 110 


2 

5 Gy ^ ^ 

^ Gyby ^ by ^ 

5 a,c, 5 5 

S a,f/, 5 6,(/, ^ 

1 1 


G yC y 




a,a^ 

byC, 


6,d, 


6, a. 

% 

Cr 


C.rfr 

5 

f a ^ 


2 

C,d, ^ fZ^ ^ dyGy 

11 1 


where ^ extends always from 1 to n inclusive* 



eSN^lllAL FBOFEBltlES. iS 

The co-elficient of ff in this is equivalent to the product of the 
matrices 



® 2 

■■ (In 

0 

1 

X 


... 

1 

0 


63 63 . 

.. 

0 

1 


6. &, 

... 

1 

0 


C 2 C 3 

■ 

0 

1 


Cl Cg e. 

... c\ 

1 

0 

d, 

d a d 2 

.. d. 

0 

1 

V 

(/i d, dg 

... 

1 

0 

0 

0 

0 

.. 0 

1 

0 


1 1 1 

... 1 

0 

1 


i. 6, 63 1 

Cl C.J c, 1 

dj dj dg 1 


= fc* (say; 


and the determinant 011 the right-hand side is equivalent to the 
product of the matrices 


1 «1 "3 


a„ 1 

X 

«1 "3 “3 


«n 

0 

61 ^ 

I', 


1 

« 

hi 6, 6g 



0 

Cl c. 

^'a 


c« 1 


Cl C, Cg 

... 

Cn 

0 

di d. 



dn 1 


di dj d. 



0 

“1 “j 

“3 


0,. 1 


0 0 0 

... 

0 

1 

= 5 


a. 


X 

«1 «1 «3 

a* 

1 



K 

63 



61 63 ^ 


1 



Cl 

c. 

C3 c* 


Cl C, . Cg 


1 



rfl 


d, rfg 


di dj dg 


1 





1 

“1 “s “3 

*1* 

1 



= P, (say) 

fi = S <c* P, ... ... (5) 
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Similarly the values of X, /a, i/, p can be found. 

Xow, we have from (1) ,'v = + pub,. + vc,. + pd,. 

The denominator in the values of A, /a, v, p is the same, and,=A;®; 
and the numerators are respectively the co-factors of A, B, C and 
D in the determinant 




0 

.1 B C 

U 

0 



^ «,a, ; 

2 

^ (f, ^ a,.&, ^ a,. 

c, ^ a,fZ 

1 



h y(X, y g 

2 

> a,li, S <»,■ S 

2 

1 



5 t’, «, ; 

■2 

a a,f, 5 6,.c,. 2 r, 

2 0,(1, 

. 1 



5 : 

2 

> a,il, ^ b,(l, ^ c,d, ^ d, 

1 



1 

1 11 

1 

0 

Hence the value of is given by tlie ccjuation 



,1’ 

(f ,, 

by C, 

r/, 0 

= 0 

2 

tr tt 1 

u 

, 5 ", 

N\ 

IVI 

M 

Uyil 1 



b.a, 


2 hi 2 S 

b,d, 1 



C, a, 


lAI 

lAI 

lAl 

i\d, 1 


5 <?,». 


2 2 ^ 

2 

d, 1 



1 

1 

1 1 

1 0 



This gives the co-ordinates of the foot of the perpendicular 
drawn from the point (a^, a^, ag, ... a^) to the 3-space determined 
by four given points o, h, r, (t. 

N,B . — The method adopted is perfectly general and can 
therefore be used for finding the co-ordinates of the foot of the 
perpendicular drawn from any external point to a space of any 
number of dimensions determined by given points. 
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§ 14. To find the angle between the perpendicnlars which 
can be drawn A:oin two external points P and Q to a 3-space 
determined by four given points. 

Let a,, ttj, ... a„) and Q j3,, /J,, ... /3„) be the two 
points and let the elements of the J^-space be the same as in tlie 
previous article. 

Now, the equations (6) of § 13 can be wi'itten as 


A-2 


But in order to lind the cosine of the an^le we require to know 
the values of a, (r = l, 2, ... n), Ac. of a, — ^ = 


-- A-)- Hence, if in equation (bj oF § Id, we put a, 

for ,(*, and divide the j’esult by we obtain 


a.. — =“ 


U, .6, r, d, 0 

y 

' " 2 

' a.a. S "r S (i j>, S § a,d, 1 

fe,.o, ^ ^ h] ^ 5 b^d,. 1 

2 

c, a, 5 S c, 2 Cr § c,d, 1 

d, ,o,, ^ fj.dr 5 ^ d‘ 1 

1 1 11 10 


= p 'A., (sfty) 


Similarly, x,.= </>., where x, are the co-ordinates of the 

foot of the pei’pendicul/ir from Q. 
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If ij/ be the angle between the perpendiculars, we have 
cos.^ =2(a,-,.,) 

§ 15. To find the relation connecting (ii+2) points in an 
n-space. 

Multiply the two rectangular arrays of (i? + 2) columns and 
rows as follows : — 


1 

0 

0 

0 



— 2i'|„ 

1 

a 

^ a ] 

2 .(’22 

-2.r2« 

1 




0 

0 

0 

1 




a 

1 


1 n 





a 

1 


Ti 

i 




( V 

1 

+ « 1 1 

■ ■•’» + «, n 

5 \ '’*i I n + a / 


The result of this multiplication must ranish identically.* 


« pVrfc—Bnrnpide and Panton's Theory of Eqaationa, Vol. U, § 143, 
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Il 


Therefore we mnst have 

0 1 1 

1 0 ( 1 , 

1 ( 2 , 1 )= 0 

1 (8, 1)’ (3, 2)> 


1 

... il,n+-2y 
... ( 2 , « + 2 )“ 
... (3, « + 2)* 


= 0 ... ( 1 ) 


1 (H + 2,ly (n + 2,2y ... 0 


where, the points being marked with the numbers 1, 2, 3, ... h + 2, 
(1, 2)“ stands for the square of the distance between the points 
1 and 2; and (1, 2)” = (2, 1)’. 

Note . — The theorem may be stated in a different form: — 


To find the condition that an (H + 2)th given point may lie in 
an »-space determined by (»t+l) given points. 


§16. Fluckerian co-ordinates of a right line : 

We have the following equations of a right line: — 



J3y combining these equations in pairs, we obtain the following 
» equations : — 


^2 Xl 

- h X2 

— “1 ^2 

+ 

a. 


= 0 ^ 

^3 X 2 

^2 Xs 

— “2 *3 

+ 

^3 


= 0 

I'l Xu 

^'3 Xl 

— ®3 ^ 

+ 

a* 

h 

= 0 







> 

■ r • 

Ik X»-1 

^n-1 X« 

^ ®)l — 1 

+ 

an 

Ik., 

= 0 

^ X- 

- Xl 


+ 

“1 

Ik 

= 0 . 
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1 & 


tti 0.3 

0,3 fJLg 


rtj 

a 3 


2 


3 


If we put ^ 


^"11 — 1 ^ II ^»l ^w — 1 H i »l — 1 


fclie above equations may be written as 

^'2 Xi - h X-i = 1 

^'3 X2 ^2 X:i — ^^2 3 



h X/.-1 — ^.-l Xn = «-i 

^ Xl = ffn. 1 


( 1 ) 


From equations (1) it is easily seen that the following relation 
must hold 


^^12 , 2 3 1. 

h h 


II 1 n - 1 ^ 1 1 

■• + / V + 1 7 = 0 ••• 

'n‘«— 1 'n ‘i 


Now, we have “ 2 h quantities” (uia, U 23 , ... ^') 

and (Zj, I 2 , •■■ Z„) which serve to determine the position of the 

right line, piVDvided the relation ( 2 ) holds. 


These 2a quantities we shall call the “ 2n co-ordinates ” or the 
PlUckeriaii co-ordinates of a line. 
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§ 17 . ^To express the shortest distance between two lines 
in an n-space in terms of their Fluckerian co-ordinates. 

Since two points determine a right line, we have altogether 
four points given to determine the two lines. Through these four 
points a 3-space can be drawn (§ 8) which will contain both these 
lines. Again, since the shortest distance meets both the lines, it 
has two points lying in the 3-space and consequently lies wholly in 
it. Thus the pi’obleni is reduced to one in a 3-space. 


Ill the 3-space, i.h., in tlie ordinary space of three dimensions, 
we have — 


The equations of tlic lines being 


J ^ 1 ^'2 K 

I XirJh.' 

L ^^2 VI ^ 


S being the shortest distance and 6 the angle between the lines 


*8 sin B = 


fl 2 ^2 ^^3 

b b 


VI ^ VI 2 


( 1 ) 


Now, any point on the first line has for coordinates 

and the coordinates of any point on the second line are 


(Salmon’s Solid Geonietry § 51). 
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The volume oF the tetrahedron detennined by the four points 
is given by 

1 


V — — 


1 
1 






*2 “3 •^*'3 ‘■‘3 

h K 


*'2 

7/1 „ 




. S .sin e, by (IJ 


(a) 


Again, in an li-space, the content of the “finite join” of tlie 
four points is given by 

*^3!V ^ — \ n. A- l.r. if . A-1 'i' . n. A- J,^r I 


ov{^^N,y=r\rl\ 


Ol 

/fa +L/i\ 


ft./ 


^2 


a/ 

/Ti-rt/ 

ft^—a/ ag 


h i 

ni. 

m 2 7 

2^13 + Z 3 a 

12 H" 1 ttg 3 


\2 


(3) 

where Zj, Zg, ... Z«) and (a^^, Ugg, ...) a]*e the Plticker- 
ian coordinates of one line and in^, ... and a^a^“l 5 ^ ■•■) 
are those of the other line. 


From (2) and (3) we find 

8 sin 0 = v^^fZ^Og g d"^3^i2 s .3 

This gives the shortest distance between the two lines in terms 
of their Pliickerian coordinates. 


* Vide — Proc. of the London Math. Soc. Vols. XVIII and XIX, 
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When we put h= 3, we get the form ala in oai* ordinary 
Geometry of three dimensions, viz : — 

* S sin ^ = ^ 10-2 3 2 3 “h 3 H " 2 

Cor. The two lines intersect if 8=0 


§ 18. To find the content of the “join” of (n+1) given 
points in an n-space in terms of the mntual distances 
betvireen the points. 

Let the points be denoted by the numerals 1, 2, d, n, n + 1 ; 

. L) , 

and let their coordinates be gh-en by (^‘=1, 2, 3, 4,...n ; ./=!, 2, 
d,...n, n + 1) 

Now, we have 



Tin's may be written as 




0 0 0 0 

( 1 ) ( 1 ) (0 

1 a-j .Ta ...aj, 

( 2 ) ( 2 ) ( 2 ) 

1 '**1 '‘*2 - ■ ■ 

(w+1) (w+1) (n+1) 



Cf. Salmon’s Solid Geometry, Ex. § 63 
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But we have 

2 (. 1 V .)2 = 

K'‘T 




(«4l) (?' + !) 

2-( 

K. )“ 

= 2^K„ 

K,. 


0 

0 

0 


(1) 

(1) 

0) 

( 

— 

2'*' 2 

— 2,i‘„ 


(2) 

(2) 

(2) 

— 

!.r, -! 

2.-2 

— ^,1' 



Oj+1) 

(»+l) 

( 

2'‘*i — " 

5.1’ 2 

■ — 2,1*. „ 

0 

0 

0 

0 


(1) 

(1) 

(1) 

1 


if’ 2 . . • 



(2) 

(2) 

(2) 

1 

•'♦’i 

,1*2 ... 

,1 ^ 


(ii+l) 

1 («+l) 

(11+1) / 

1 


.f’g ... 

- 


1 


1 


/O) (2)V2 

/ 

(i)(»+i)\2 

1 

) 

... ( 

) 


1 

0 

/U)(2)\2 

i* ) 


/( i ) (»+ i )\2 /( 2 )(«+ i )\2 

H' ' ) v ' ) 

0 1 1 

1 0 (2,1)“ 

1 ( 1 , 2 )“ 0 




/(2) («-l)\2 


(2,n + l)“ 


j 1 (!,«)• (2, n)“ ... (»i,n + l)* 

I 1 (1,H + 1)* (2,nH-I)» ... 0 

"whoro ('r,s)“ stands for tlio scjuare of the distance between tbe 
points denoted by r and s; and (i’,s)* —(*/)*• 
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§ 19 . To express the content of the “join” of (n+l) given 
points in terms of their oblique coordinates. 

Take one of the given ])oints hh oiigin, and let the direction- 
cosines of the lines joining the origin with the I’emaiiiing n 
points, with reference to a system of rectangular axes through the 

origin, be given by = ; y = l,2,3,...n^ 

Let the coordinates of the n points, with reference to a system 

of oblique axes through the origin, he denoted by ^ , 

and the rectangular cooi dinates of the same points be denoted by 

^ ^ z- = l, 2, ,y = l, 2, 

We shall designate the oblique axes by the numerals 1, 2, 3, 

A 

...n, and the angle between the 7’th and the ^^fch axes by rs^ etc. 

Let 0 be the origin and P any one of the remaining n points. 

U) 

Now, the projection of OP on the axis of is ; but it is equal 
to the sum of the projections on the same axis of ojj of lengths 
equal to the oblique coordinates of P measured respectively along 
the oblique axes. 


Therefore we must have ' 

O') (U O) (2) O) (") O) 

= I, + L f, + ■■■ + 

(/=!. 2, 3,...7t; /=!, 2, 3,... 70 


(A) 


Thus we have expressed the rectangular coordinates of the 
points in terms of their oblique coordinates. 

Now, the content V„ is given by 


(l) 

(1) 

(1) 

(L 


'^'2 

3’ 3 


(2) 

(2) 

(2) 

(2) 

X, 

'^2 

a?., .. 

• 

(3) 

(3) 

(3) 

(3) 

a?! 



. 

(w) 

(n) 

(») 

(») 


^2 

.Cg .. 

■ »» 


( 1 ) 
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If we substitute the values of ,u’s in (1) from the Scheme (A) 
we obtain 

7i\Y = ( 1 ) (^) ( 2 ) (0 ( 0 ( 1 ) ( 2 ) ( 1 ) ( 0 ( 1 ) ( 2 ) ( 1 ) 

^1 ^2 + ■■> J ^2 fx "b^2 ^2 + 1 ■ ■■ ^1 f2 "b 

(1) (2) (2) (2) (1) (2) (2) (2) (1) (2) (2) (2) 

“b ^2 + • » ^2 +^2 ^2 “b ■ ’ ■ ■ ■ + ^>1 ^2 + ■ ■ 

(1) (3) (2) (3) (1) (3) (2) (3) (1) (3) (2) (3) 

^2^'*' 1 ^2 ^l”b^2 ^2”b ^i“b^7l ^2"b-'' 

(1) 00 (2) (u) (1) (>0 (2) {») (i) in) (2) {, 1 ) 

f'l fi+^ ^2+ -- , (^2 ^1+^2 ^2 + - . ■■• ^ fi+^nf2+ ■ 

A (j*) (a) 

If WO square both sides of this, since cos = ^ I, we find 
on simplification — 


(l) 

(1) 

i, .. 

(1) 

L. 

X 

1 

A 

cos 2 1 

A 

cos 31 

A 

cosnl 

(2) 

(2) 

L •• 

(2) 

L 


A 

cos 12 

1 

A 

cos 32 . 

A 

. cos r/2 

(») 

(3) 

1, .. 

(3) 

. L 


A 

cos vs 

A 

COB 23 

1 

A 

cos 7/3 

(») 

fx 

(«) 

L ■■ 

(«) 

. 


A 

cos 17*. 

A 

cos 27i 

A 

cos 37/ 

1 


Thus we liaA^e expressed V„ in terms of the oblique coordinates 
of the given points. 

M20. We have already seen that a system of (n-r) indepen- 
dent linear equations are required to detej mine an y -space, jr, in 
the language of Prof. Cayley, — “a system of (?/-? )-fold relations 
determine an r-omal. Any number of one-fold relations, whether 
independent or dependent, and if more than v of them whether 
compatible or incompatible, is termed a PleXUS, viz ; — if the 
number of one -fold i-elations be 6 , then the “PleXUS ’ is ^-fold. 
A tf-fold Plexus constitutes a relation which is at most 0-fold but 
which may be less than 0-fold.” 

Thus the system of equations determining an r-space forms 
an ( 7 i-r)-fold Plexus. But the equations may not all be 

* This article has been taken from Cayley’s Paper— Memoir on Abstract 
Geometry. Vide — Collected Papers. 
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independent i\e. one or more of them may be derived from others 
by algebraic operations ^ in that case the Vlexiis is not (n-r)-fold, 
but less ; and hence the space is of dimensions greater than r. 

We have so far s])oken of linear relations constituting a Vlexus. 
But the relations may be of any order. In eveiy case, a system 
of 0 relations will form a ^-fold ]?le^ ns. 

From what has been just observed, tlie idea of Involution 
can easily be extended to Vloxua. Any one-fold relation implied 
in a given /-fold Plexus is said to be in “Involution” with the 
r-fold relation ; and so in a system of one-fold relations if any 
relation be implied in the other relations /. p., in the relation 
aggregated of the other relations, then the system is said to he 
in Involution. A system not in involution is said to be “asyzy- 
getic’^ 

Convolution* Any (>■-!- 1) or more or all the relations of the 
asyzygetic system are in convolution, 2 . c., any relation of the 
system is alternately implied in the aggregate of the remaining 
relations or indeed in the aggregate of any r relations (not being 
themselves in convolution) of the remaining relations of the 
asyzygetic system. It may be added that besides the relations of 
tlie system there is no one-fold relation alternately implied in the 
'‘^a^yzyfjetic^'* system 

fJ.B. — The introduction of the ideas of Involution and Convolu- 
tion in higher Geometries is due to Prof. A. Cayley, in his “Memoir 
on Abstract Geometry.” The ideas Avill be clearly understood 
from the following illustration : — 

Let the functions or equations P=o, Q=o, Il = o, etc,, form a 
Plexus. Then, if identically we have AP H-PQ + CR+ ... = 0 , where 
A,B,C,...are integral functions of coordinates and where some one 
of these functions is a constant (A say), then the system P,Q,B,... 
are in Involution^ more accurately, P=o is in involution with 
the remaining' functions Q=o, R=o,... . But when AjBjCj.-.are 

no one of them constant, then we have a Convolution- If P=o 
i.s in involution with Q=o, R=o,..., then P=ois implied in these 
equations and the relations (Q=o, R^o,,..) and (P=o, Q=o, 
R=o, ...) are equivalent. But in thecaseofeonvolutionAPHf- 
BQ+CR-b...=o, relation of equations Q=o, R=o, ... imply AP=o 
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e. A=o or P=o, i.a. the relation (Q=o, R=o,...) is relation 
coinposed of two relations (A=o, Q=o, Il=o,. ..) and (P=o, Q=o, 
Hi ^O,. . 

A further extension of the Theory of Involiitiou will be found in Cayley’s 
Paper "on the Theory of Involution" — Trans, of the Camb. Phil. Soc. 1866. 
The idea of Involution can also be extended to Higher Geometries after Fiedler 
— "Die Darstellende Geometrie," and Clebsch — "Vorlesungen iiber Geometrie.’^ 



CHAPTER II —Inclinations of Spaces. 

§ 21* We liave seen § 4 tliat if 9 be the angle between two 
lines whose direction-cosines are 

(/i, ... Z„) and J?/, Zg', Z/ ... Z„') respectively, 


then 

coste=ij,'+i,ij+ij^’+ ... +ij\ 

and 

... +IJ 


l=h''+h'^ + h'^+ ... +h'^ 

Therefore, 


sin®l9 = 1- 

-ros“fl= - (’iJ-'-'V 

= h 

^2 “ h ’ + 



= 2 

1 1 2 

()=1,2,3, ... 11 ; s=r + l,r+2,r+3, 

1/ 1.' 


= (say) 

§ 22. To prove that the square of the area of a plane 
triangle in an n-space is equal tp the sum of the s<j[uare8 
of its projections on the co-ordinate planes determined by 
each pair of co-ordinate axes. 

Let OBC he the triangle, 0 being the origin. Let the 
coordinates of B and C he .\\ and y, (? = 1, 2, 3, . w) 

respectively. 

Let OB = A. and OC =jLi and the direction -cosines of OB and 
00 be and Z/ respectively. 



28 


ANALYTICAL GEOMETRY. 


Let S represent tlie area OUC and S, « tliat of its ]irojection 
on the coordinate plane determined by the >th and the «th 
axes. 

Jf ^ he the anp^le between OB and 00. we hav^e 
/x^ sin®^ 




=A^ 



21 . 





\i, \i. 1 

= ^ 

■r. 





M?/'' 


Ih ?/.' 



1 

0 0 

2 






1 

,T ^ ,r g 


2, 3, . . . n 

; .s' = cH-l, /•+2, Z' + S, .. 

n) 


1 

Vr y. 






But 

1 

0 0 









= twice 

tlie area 

of thf 

' projection of 

OBO 


1 


on tlio 

jilnm* passing throngli flic rfh 

and 




.dll axes 






1 

Ih ?/* 







and . 

;. = 2S, 






(2S)^ = ^ (2S./)« 

/. S** = ^ 

§ 23. Two planes being given, to find the minimum 
angle or angles between any two lines, one in each of the 
given planes. 

Let us suppose that the planes are defined b}?^ two lines in 
each, all drawn through a common origin. Let the lines in one 
plane have direction-cosines /, and 7/ respectively and those 
in the other plane have in ^ and m/ for direction-cosines. 
(^ = l, 2, 3, ... ?/). 

Take any two lines A and /x in the two planes and let their 
direction-cosines be A, and /x, (^ = 1,2,3, ... 71 ) I’espectively. 

If ^ be the angle between A and /x, we must have 
cos ^ § A, /X, 


( 1 ) 
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Again, sinco k lies in the plane of (1, V) we may take 
k, = Al,+B?/ 

0=1,2,;{, ... „) 

1 = 5 X," = A»+B“+2AB (/?') ... (2) 

where A and B are indeterminate multipliers, and 

A 

(IV) = co.sine of the angle 11'. 

Similarly, since p, lies in the plane of (m, m'), we have 
p, =Cm, + Dili.,', (/=!, 2, :t, ... n) 

1 =C» + D*+2«I) (wm') ... (:J) 

where C and I) ai’e multipliers. 

Bguation (1) may he written a.s — 

it 

Cos ^ ^ A, /OL, 

= 2 (A/., +B7//) , + Dw /) 

= AC(/»i) + AD(/m') + BC(//'»0 + J3J)(/S»') ... (4) 

UifFerentiating (2), (3), and (4), we have 

O = {A+B (iO}8A + {B + A(/OJ8B, ... (5) 

0 = {C + l)(mm')}8C + {l) + C(mm')jSI) ... (6) 

o = {C(/m) + D(W)j8A+[C(rm) + r)(«V)}8B 

+ [A(im) + B(rw)}SC + {A(/m') + B(/,W)}8D, ... (7) 

Now, we may keep one of the lines X and p fixed and vary 
the other. Suppose X is fixed ; A and B are constant, so that 

SA=8B=0 

Comparing equations (6) and (7) we have 

C+D(mm')=k{A{lm) + I}(l'm)} ... (g) 

B+C(mm')=k{A(lm') + B(l'm'} ... (9) 

where k is an indeterminate multiplier, 
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Similarly, keeping fixed and varying X we obtain 

G(lm)+D(l'm') = lc!{A + B(n'')} (10) 

C(l'm) + D{l'7n') = h'{B+A(lV)} ... ( 11 ) 

where k' is aiiothcr multiplier. 

Vlultiplying (8) by C and (9) by J), and adding we get 

f 

Jc cos ^ = 1 or A‘ = l/oos^. 

Again, multiplying (10) by A and (11) by B, and adding we 
obtain k'=coR6. 

Now, the four equations (8), (9), (10) and (11) may be 
written as : — 

fA[]m) +5(r^a) — (> cos 0 — D cos ^(mm')=o 


Ai^lm') — C- cos ^(mm') — 7) cos ^ =o 

■< 

A cos 6 B(lV)co^0 — C(hn) — D(Im') =o 

^A(?r)cos0+/^ cos (9 =o 

Eliminating the four quantities A, B, i\ 1> between these 
equations we obtain the following determinant equation giving 
cos^ : — 


cos^ 

(IV )cosO 

ilm) 

{Im!) 

v.o^0{lV) 

cos6 

(I'w) 

(Vm) 

{Im) 

(Vm) 

cosS 

(mmV )v.o^d 

(InV) 

( VnV) 

(l>iru')coS^ 

vo^O 


or cos*^[/Z'] ® [?nm']“ Hc.os^0-\-[lV/7nm']^ =o. 

where H stands for the co-effieient of cos®0 in (a). 


A 


[IV] - Sine of the angle IV. 


and [WZ/WJES 


V, 


m , m , 
m',. 


,0-=l,2,3,...7i;.«f=r + l,r + 2...7i.) 


h 


h 

K 

2 

1 

{IV) 

(Im) 

(Im') 

w 

w 

h' 

IJ 


{IV) 

1 

(Vm) 

(Vm') 


m. 

rn^ 


(Im) 

{mV) 

1 

(mm') 


7)1 a' 

mj' 


{Im') 

(Vm') 

(mm') 

1 


If [iVm'iWY =2 
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the co-efficient of cos“^ may be written as 
H - 

and the determinant (a) reduces to 

C 0 H^e[lV] ^ [7» w!] “ - { [IV] * [mvi'l * + [?/77?im'] * - [IVmwf] « |co8*0 
-h[lV/'r)i'tn/y =<i ... ... (P) 

This is a quadratic in cos**^ and therefore 6 has two values— 

0^ (say). Thus we have 

cos^ 6 ^ .cos^O 2 =[IV /[IV ■-■ (^) 

and cos“0^ -f-cos’*^a = — H=[IVY\mvVY + [IV/mviY — [IVmnVy 

If we chanf^e all the cosines into sines in (a) by substituting: 
cos®^=l — sin*^, we obtain 

sin“^i.sin®^a = ... (B) 

Note: The idea of niininiutn aiiglen in Higher-space has been introduced 
by Veronese, as will appear from the following definitions: — 

Dofinition — “ Uuter dom Winkel zweier beliebiger Halbraiime vcrateht 
man denjenigeii, weluher durcli das norniale Segment der beiden Halbebeiien 
ini Unendlichgrosseii der beiden Halbraiime gemessen wird.” — §. Ill, Satz IV, 
Zusatz IT. 

And thus Veronese proceeds to define angles between two half-spaces — 
§. ia9, Satz IX 

“ Der Winkel zweier Halbraiime ist dor kleinste odor der grosste von den 
Winkeln, welcbe ein Strahl des einen mit oincm Siralil des andern Halbrkums 
und nmgekehrt der letztore mit dom ersten maclit, jc nachdeni er kleiner oder 
glosser als ein Rccter ist.” ' 

§■ 24, The planes being defined by two sets of three 
given points, to find the minimnm angles between them- 

Let .f, (J = l, ‘2, 11; 1 = 1, 2, S,...n) be the points defining one 
U) 

plane and y, (^‘=1,2, 3; i = l, 2, 3,...7i) be those defining the 
other. 

(3) (1) 

Also, let the direction-cosines of the lines joining ,i‘, to .r, 
(2) 

and . 1 *, be respectively 2 1 and , (V=l, 2, 3,...n) and those of 
(3) (1) (2) 

the lines joining y, to y, and y, be respectively p, and g, 

(i = l, 2, 3, ...it)* 
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Then, by §. 23 we have 
cos “ 6 1 .cos ® ^2 = [?/>? /pq] “ /[Ivi] “ \pq] ^ 



Pi 

P2 

Ps- 

••Pn 

~ 

L 'iHi 

7 i 

^2 

73 - 

‘■qn 

_ 


... ( 1 ) 


(S) (1) (3) (2) 

Buf it r, and /g be the lengths .r ic and ,u .i; and )\\ 

(3) (1) (3) (2) 

/•j' be those of the lines y y , y y respectively, we have 


(3) 


(0 

(3) (1) 

(3) 

(i) 


X, 

— 


'“2 '*’2 


'*■ V 


1 

1 


h 


h 

^1 

(3) 


(2) 

(3) (2) 

(3) 

(2) 


■'‘i 

— 

1 

'*‘2 






W-2 


■ ^ a 

(3) 


(1) 

(3) (1) 


(3) 

(1) 

fi - 

y 

— = 

2/2 — Z/a _ 



IJn — Z/» 


Pi 



P 2 


Pn 


(3) 


(2) 

(3) (2) 


(3) 

(2) 

fi — 

1 

1 zz 

Z/a, —.Z/a ^ 

— 


1 _ 


^ 

Substituting the values of Vs, m\s, &c. obtained from (2) and 
(3) in tlie formula (1 j for cos’*^!. cos^^a^ obtain 

■ (3) (1) (3) (1) (3) (1) (3) (1) ■ ^ 

•'-‘i ‘^2 ■ ■ ■ //i “ //'i //'a Z /2 • ■ • 

(3) (2) (3) (2) (3) (2) (3) (2) 

'•’i — ^2 ■ ■ ■ Ui !J I 7/2 7/ a ■ ■ ■ _ , 


!/i - !Ji Z/a - Z/a"' 

(3) (2) (3) (2) 

y 1 y 1 y 2 y 2 


(3) 

(1) 

(3) 

(1) 

.L'l - a’ 

1 3 

’a 

a?2 

(3) 

(2) 

(3) 

(2) 

.1-^ — .1- 

1 

2 

^2 ■ ■ 

(3) 

(1) 

(3) 

(0 

iTi - 

■‘’1 

tJJ 2 

- '^’a 

(3) 

(2) 

13) 

(2) 

- 

'■1 

'''2 - 

” '*‘2 



(3) 

(1) 

(3) 

(1) 


1 

0 


0 


■'*1 - 


‘•’a - 

aj2 

may be written as 





But 





(3) 

(1) 

(3) 

(1) 


(3) 

(2) 

(3) 

(2) 


1 X ““ 

■OJl 

®a — 

2 


■»’i - 


»a - 

iC2 


1 

1 

(2) 

( 3 ) 

(2) 








a 

‘<’2 


(1) (2) (3) _ 

or as .I'l ajj .' i := (1 ®i 3-2) ^ay- 


(1) (2) (3) 

iC a il' a >1(1 
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Similiirly 


(3) (1) (3) (1) 


Ux-Vx Vi-y» 


(3) (2) (;t) (2) 


IJx—!/x Vi-Vi 



1 


1 


(1) (a) 

Vy Vx Vi 

(1) (2) (3) 

^2 : V .2 1/2 


;= (1 'Jx Hi) ««y- 


* s (1 <B, .s)* s(i yi '/»)“ 

A^aiu, 

/SVir‘^6^2 1= \lm})q\^ I [/^^V 

The numerator becomes 


( 4 ) 



i'i) 

( 1 ) 

(3) 

( 1 ) 

(3) 

(1) (3) 

( 1 ) 

■j 

5 



a' 2 

“ a* 2 

■»3 

'**3 

X ^ 

.'C 4 



(3) 

(2) 

(3) 

(2) 

(3) 

(2) (3) 

(2) 




- iC, 

a ' 2 

- a '2 

■ 


.Cl — 

a!, 



(3) 

( 1 ) 

(3) 

(i) 

(3) 

(0 (3) 

( 1 ) 



Vi 

- Ui 

- 

- 2/2 

2/3 

” //a 

Vi - 

Hi 



(3) 

(2) 

(3) 

(2) 

(3) 

(i 

l) (3) 

(2) 



//i 

- 2/i 

2/2 - 

- y2 

2/3 • 

- //a 

Vi - 

yi. 


which may be written 

as 








1 

1 


1 


0 


0 



0 

(3) 

(1) 

(3) 

(2) 

(3) 

(1) 

(3) 

( 2 ) 


- a 

1 


^’1 

Vi - 

//l //l 

— 

//l 



(3) 

( 1 ) 

(3) 

<2) 

(3) 

( 1 ) 

(3) 

(2) 


0 

— a 

'2 

Ca — a 


//2 - 

'//z U 2 

— 

//2 



(3) 

( 1 ) 

(3) 

( 2 ) 

(3) 

( 1 ) 

(3) 

( 2 ) 


0 

— a 

’3 

<’3 .1 


?/3 - 

//a ^3 

— 

ya 


0 

(3) 

(0 

(3) 

( 2 ) 

(3) 

( 1 ) 

(3) 

( 2 ) 


— a 

' 1 

^ 4 . ' 


//i -- 

Z/4 '/l 

— 

yi. 

whicli again reduces to ^ 

1 

1 

1 

0 

0 

0 




0 

0 

0 

1 

1 

1 




( 1 ) 

(2) 

(3) 

( 1 ) 

(2) (3) 




a?! 

‘•'*1 


l/i 

Vi 

yi 




( 1 ) 

( 2 ) 

(3) 

( 1 ) 

Ci) w 





•'*2 


yx 

yx 

yx 




< 1 ) 

(2) 

(3) 

( 1 ) 

(2) (3) 





•'*3 

‘»'3 

^3 

ys 

ys 




( 1 ) 

(2) 

(3) 

( 1 ) 

(2) (») 




'''4 



^4 

y4 

y* 


(1) (2) (3) (I) (2) (3) 

_ r j .'- ■« y y y "I 

- L 0 , 1 J 
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.sin®6>2 


( 1 ) ( 2 ) ( 3 ) ( 1 ) ( 2 ) ( 3 ) 

[ - '-if — ] ' 




( 5 ) 


Note . — We may call coa cos 82 =cos Hj (say) the “indcji of project ivittj” 
between the two planes and denote it by Cj. Thus =cos 0^. coa 0.,. 

Similarly we may write = call snt Xl^ the "ratio of 

conjectivify” which may be denoted by c». 

Thus e n = a in 0 1 0 . 


Cor 1- The two given planes will he mutually perpendicular, 
if either of cos^i and co 8^2 vanishes. They will be “perpendi- 
cular of the first kind” or perpendiculai-” if only one of 

cos^j and cos^j vanishes, and the other does not ; and “peipendi- 
cular of the second kind” or ^^ahsolutely perpendicular” if both 
vanish. In the latter case all lines in one plane are perpendicular 
to all lines in the othei*. Thus in Hyper-space we meet with a 
new and more complete kind of perpendicularity^ which in oui" 
ordinary space would be impossible. 

Cor 2< If one of sin 6 ^^ and sin 0.^ vanishes, and the other 
does not, the two planes intersect in a line. If both vanish, the 
two planes become coincident. 

Cor 3 The two planes will be Isovluit i-.v. ef|ually inclined 
to each other if 6^=6.^. In this ca.se the two planes have an 
infinite numbei- of common perpendicular planes on which they 
cut out equal angles. 

Then, =cos^6 and where 6^ =6,^ =B. 

e^+e^=cos^6 + stn^6—l. 

Thus the condition of isocliiiism of two planes is 

Gi +e^ =1. 



INCLINATIONS OF SPACES. 


35 


§ 25 . To find the angle between a line and an r-space. 

Let the r-space be defined by r lines drawn throngfb the 

(;■) 

origin, whose direction-cosines are L, (j=l, 2, .3, ... r; 

i = l, 2, 3, ... 7i), and let the direction-cosines of the given line 

(r+l) 

beL (/ = I, 2, 3, ... n). 

Let (i = l, ■■■ >■; ^‘=1^ “^5 ■ ■■ ^0^ ^ points 

respectively on the r lines. 

Then, if V,. be the content of the “join” of the r points and 
the origin we have ; — 

(r’V ^ I (1) O) (1) (0 2 

■i '"a ■'*« ••• = H/ (say) 

( 2 ) ( 2 ) ( 2 ) ( 2 ) 

I‘j ,1*2 .''a ... 'f’r 

( 3 ) ( 3 ) ( 3 ) ( 3 ) 


(0 (0 (»; (0 
'l '*'2 '^*3 ••• ’**« 

(>+l) 

If h, be the perpendicular from any point .r, (^ = 1, 2, 3, ... n) 

on the given line (drawn from tjie origin) on to the >'-space and 
be the radius vector to this point, then we have 

If 6 be the angle which the line makes with the /-space, 
we have = ^ 1+1 

+ ^ sin^ = + 

If X , A-a, A-s, ... A,, be the radii vectores to the /-points 

on the lines, then we have X,l,=.>\ (y = l, 2, 3, ... r; 

/=i, 2, 3, ... ^0 

/. A; + ^sin®^=H;+i/H* r- 

« yi^g — Bulletin e of the Calcutta Mathernatiral Society Vol. T, No, 3, 
1909. 
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or\,+j 




\sin®^=- 


( 1 ) 

A,Z, 

(2) 


( 1 ) 




( 2 ) 

^ 2^2 


( 1 ) 


(0 

Kh 


(O 

(»+i) (»+i) 


Kl 

( 2 ) 

Kl. 


ir) 

X,/, 


( 1 ) - 

(2) 

X 2 / ,. + 1 


ir) 

^ 1- ^ r + 1 


Xr + 1^1 + 


(^+1) (r+1) 

^ r + \^'r ^ r + 1 r + 1 


— 






(1) 

(1) 

(1) 

2 



x,h 

: X^?r 



(2) 

(2) 

(2) 




X 2 / 2 

x^/, ' 

5 






(-) 

(O 

(0 


X,/, 

X,./, 

. x,/„ 


(i) 

(1) 

(1) 

^ h 

(1) 

^ *• + 1 

^•2 • • •' 

(2) 

(2) 

(2) 

(2) 


/, ... 

J, 

?. + , 

(-) 

h 

(0 

(0 

(0 

^.+1 

h 


('+1) 

O+I) 

(r+1) 

(r+1) 


1, ... 

/r 

/,+! 


( 1 ) 

(•) 

... 

( 1 ) 

Ir 

( 2 ) 

( 2 ) 

1, 


( 2 ) 

?r 

(') 

(r) 


(f) 

K 



= L, + //L,’^ (say) 
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Sin fl=ljr + i/lj| ; or ill onr notation the result may be 
2 (t) (2) W (> + l) 2 (1) (2) (i) 2 

written as — Sin 6 = [1 1 ... I I ] / ^ ] * ••• (1) 

Note : If we make use of the method of § 23, we obtain the 
result in the form of a determinant equation : — 

( 1 ) ( 2 ) ( 1 ) (3) (n (i+n 

1 (11) (II)... (I I ) 

(1) (2) (2) (.1) (2) :.+« ~ ^ 

(I I ) 1 (II)... (I I ) 


(1) (3! (21 (3) 

(I I )a i) 


(3) (i + l) 

... (/, 1 ) 


(1) (r+1) (2) (l+l) (3; rr+l) 2 

(I I )(i 1 ) (1 1 ) ... COS e 

§ 26. To find the minimum ang'les between an r-space 
and a s-space (n>r>!i). 

Let the spaces he cletiiied by lines drawn thronj^li tlie origin. 

u) 

Let /, (j=l, 2, ... /•; /■=!, 2, .. n) he the lines of 

iP) 

the r-.s])ace and 2, 8. ... x ; /=1, 2. 8. 7#) be 

those of tlie .s-space. 

Any line through the origin lying in the /-apace is given by 
(1) (2) (>) 

L, = Aj 1, d-Ag?, -h . + \flt 

2 2 / (cf) (h) \ 

and, 1 = 2L,=2\,+2 I \ ... (1) 

(a=l, 2, ... /•; 6=r/ + l, « + 2, ... r) 

and any line in the s-space is given by 

(1) (2) (0 

M , , + ... + fJL/m, 

2 _ 2 / fc) ((/)\ 

and 1 = ^7V7, = ^ +2 ^ 7>/ m j ... (2) 

(r = l, 2, 8 ... 5; (/ = c+l,rH-2, ... .v) 

If 6 be the angle between tlie.se two lines L and M, we have 


Canipare Veronese— § 137, Satz. I— Dcr Winkel, welclien ein Strahl 
init einem Raum macht, ist dcni Winkel gleit-h, welchen der Strahl mifc seiner 
Projection auf den Raum macht. 

Ei>ff. Trans — The angle which a line makes with a space is equal to the 
anglo which the line makes with its pfejection on the space. 
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fOS d 


/ (1) (2) (r) \ 

= 5 "H ^2^1 + J 

/ (1) ■ (2) 0) ^ 
I + /Ajm. + ... + fi,m, j 


f = r A = * 

= 5 X, s 

t=i 1=1 

/ «) (*). 

/A* 1 ? m j 

... (3) 

DifFerentiating equations (Ij. (2) and (H) we obtain 


0={:i>, (/■>/'>) }a.. {;!>,(, ®1'>) 

J 


(>•) (0 \ \ 

11)} 


L = r / =r / 

= 5 S \, ( 

«=i <=i ^ 

(fc) (0 \ 

1 1 ) 

.. (10 

p= » fl= « 

0= ^ S/A, S /A, 

P = 1 'J = 1 

/ (p) i'l) \ 

1 m m \ 

(ao 

0= 'M sx, *i' /A. ( 

/ = 1 A = 1 

f (0 

i /, m ) 


t = r 

+ 5 A, 

^ =l 

A^. Va /, ) 

... (3') 

l^hen keeping fx fixed and varying X we have 


= . 

=S/A,=0 


. / (j) (0 ^ 

1 *4' { (3) im 



(,y = l, 2, 8, ... r) 

... (A) 


where k is a multiplier. 


Putting SXj =8X, : 

= ... =8 = 0 we obtain 


. ( (0 W) 

1^1 1, ?■ m j 

1 _ ,’4- ( m (qA 


(A = 

1, 2, 3, „. a) ; 

... (B) 

where k' is another multiplier. 


Multiplying equations (A) respectively by X^, Xg, 

... X,. and 

adding we get k cos 6 

= 1 and K=l/cos 


Similarly fixjm (B) we obtain k'=co8 6. 



Thus replacing k and k in (A) and (B) respectively by 
1/cos 6 and cos 6, we obtain r equations in (A) and s equations in 
(B), involving the (r + s) unknown quantities Xj X,^ 

... fl.r 



Hence hy eliminating these H-s) quantities we obtain the following deteiminant equation giving the 
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o 

II 




or tliis may aj^ain be written as : 
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This is a determinant of the (/■-i->')th order and gives an 
equation of the ^th order in coh'^0. Hence 0 has s different values. 
Let ^ 1 , ^ 2 , ^ 3 , ... Og be these a- values of 0, 

Changing cosines into sines in the above equations we may 
obtain the results in a simple form : — 


The constant term 


then becomes 


«r 


(1) 

/ 


( 2 ) 

I 


(»•) (1) (2) 
I 1)1 m 



and the coefficient of sin^'0 becomes 


2 2 
" I— /.V / —I 


(1) (2) (3) 

(i-) 


(1) (-2) (3) 

(■V) " 

1 1 1 , , . 

1 

J. 

111 111 III 

, m 


Sin’*^!- sin’^^a sin‘^^,= 

r (l) (2) O’) (l) (2) r.s’) 

\ 1 I . , . I m '))) .... 


r (1) (2) O') 1^ r (1) (2) 0) i‘‘^ 

If l . , . l I \in m . , , til J 


Note : In the two deter niinaiits (I) and (IJ) above for 
determining the values of 9, it is seen that the degree in coh'^O 

2 ir-s) 

in (1) is )• and that in (IT) is s. in (T) ros 0 comes out as 
a factor. 


O'—s) roots of that equation ai'c zero, i,e. there are r— a’ 
angles which arc all right angles; that is to say, there arc 
(r — s) mntually orthogonal lines in the r- space which are also 
orthogonal to the A-space. For the r-space and the s-space may 
be contained in a space of (>’ + *0 dimensions."*^ 

The space orthogonal complementary t to the s- space is an 
r-space. But in an (r + a) - space, two r-spaces always intersect in an 
— (r + 5)} (r— s)-space. In this (r— s)-space, through any 

point can be drawn (r—s) lines, and only (r—s), which are 
mutually oiHiogonal. These (r—s) mutually orthogonal lines lie 

* Vida — Eugenio Bortini — Introdiizioue alia Geom. Proo. dogli Iporspazi. 
Cap" I, No. 10. 

t Explained in § 28. 
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in the given r-space and are all orthogonal to the A-spacc, being in 
the orthogonal r-space. These (r— a) orthogonal lines may 
be taken for the limiting lines in the r-space, but they are 
orthogonal to all lines in the .v-space and consequently to the 
limiting lines in that space. Thus (r— a) of the minimum angles 
are right angles. 

Since these satisfy the definition of miniranm angles we must 
include them in the number of minimum angles. In fact tliey 
are neither minimum nor maximum. We thus generalise the 
theorem that the number of minimum angles between an ? -space 
and a .s-space is r, of which (r — ,<) are right angles. Properly 
speaking there are only s minimum angles. 

Cor, ; — ff ii* particular we put r=:3, .s’ = 2, and 0,, 0 ^ be the 
minimum angles, (p, q, r) the lines defining tlie 3-spacc and 
(7, m) those defining the plane, the equation reduces to : — * 

cos®^ cos^6(hii) (Ip) (Iq) (h') 

(hn)cofi^0 0»p) O^^q) 

(l p) (mp) 1 (qyq) (pr) =o ... (Ill) 

(l q) (mq) (pq) 1 (qr) 

(l r) (nir) (pr) (qr) 1 

If we change the cosines into sines, we obtain the i*esult in a 
simpler form : — Tims ^ 

siii'“^i. 8m^0^=[lmpqrY/[hnY[pqry ... ... (IV) 

§. 27 To find the minimum ang^les between two r-spaces 

(2r>i0. 

Let the r-spaces be defined as in the preceding Article by 
and = 2, 3,...r; 1=1, 2, 

I I 

Then by the method of §. 26, we obtain a determinant of the 
2rth order, which yields an equation of the rth order in cos^tf. 

* Compare Yeronese, — Grunziige der Georaetrie, Ac. § 138, Defn. II and 
Bern. II. 
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The constant term in the equation may be written in our notation 
as : — 

(1) (2) ir) (1) (2) ir) 2 

[I I ... I /ni m ... m ] anil the coefficient of cos®’'^ 

(l) (2) (r) 2 (l) (2) ir) 2 

becomes [/ I ... / . ] [m in ... m ]. 


Thus, if ^2 1 ^aj be the r minimum ang’les, we have 

(1) (2) (r) (1) (2) (r) 2 

cos'*^^.cns®^a .. .cos®^,. = [/ / ... I /tn in ... in ] 


(1) (2) ir) 2 (1) (2) ir) 2 

[I I ... 1 ] in ... in ] 


(I) 


Ohanp'inw cosines into sines wc obtain 

(i) (a) (»•) (I) (a) (<■) a 

sin'‘dj.sin“6u ...sin'*6,.= [/■ I ... ? m m ... w J 


(1) (a) 

[/. I .. 


(»•) a (I) (a) 

I ] [m in 


... (II) 


Cor. 1 ; — If vve put r = 2, the result becomes 

(l) (2) (1) (2) 2 (1) (2) 2 (1) (2) 2 

cos“ 0 i.cos’*^ 2 = [1 1 jin in J /[Z / ] [in in ] 

which ao^rees with the re.sult already obtained in §. 23. 

(l) (2) (1) (2) 2 

Also, sill’* sill = [/' I in m J 

(1) (2) 2 (1) (2) 2 

-r [/ I ] [lU in J. 

Cor- 2 : — Putting r = 3, we obtain 

(l) (2) (8) (1) (2) (8) 2 

COS-^i ^ ^ J 

(1) (2) (.8) 2 (1) (2) (8) 2 

\l I I ] [)u in in ]. 


(l) (2) (3) (1) (2) (3) 2 

sin*^i.sin’*^2si»P^.a= U ^ ^ J ' 

(1) (2) (8) 2 (1) (2) (.8) 2 
H- [/ I I ] L'^'' J 
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§. 28- Orthogonal Hyper-spaces. We have seen (§. 10) 
that llii’oiio'h any point of an r-apace lyin^ in an ?i-space (n>r), 
there can he drawn (n — r) lines, and only (^ 71 — r), mutually 
orthog-onal and such that each is j)erpendicular to all lines in the 
r-space. These are then (n— r) mutually orthogonal lines 7 iormal 
to the given r-space. They determine an — r)-spaee, such that 
any line in this is perpenflicular to finy line in tlie r-space. This 
{n — r)-space is called the "'orthogonal Hyper-space” to the given 
r-space. This nia}’ also he termed “ the orthogonal com'plp'mrntary 
space” to the given r-space. 


^§ 29 To show that the minimum angles between any 
two planes in an u-space are the same as those between the 
spaces orthogonal to them- 

An (7i — 2)-spacc is orthogonal complementary to a plane. Let 
the planes he defined by the lines (/, in') and (p, q) respectively 
all drawn thi’ough tlie origin. 

Let and /x, (^ = 1, 2, 3, ... //) be any two lines, one in each 
of the spaces orthogonal to the planes. 

If B be the angle between these two lines, we have 

cos^=^A, IX, ... ... ... (1) 

Again, since X lies in the space orthogonal to the j)hine (?, m) 
it is perpendicular to all lines in the plane. 


Consequently, ^X, /, =0 ... ... ... (2) 

t = 1 

I = n 

and^X//H,=0 ... ... ... (3) 

i = 1 

Similarly, =0 ... ... ... (4) 

I = 1 

I = )i 

and q, =0 ... ... ... (5) 

» = 1 

Alsol = 5X/ ... ... ... (6) 

» = 1 

andl = ^/Lt,“ ... ... ... (7) 

1 = 1 
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Differentiating these 7 equations we obtain 


0 =^A, S/A, 4 -^/ 1 , 8 A, 

» = 1 1 = 1 

1 = n 

... (1') 

0=^1, S\, 

1 = 1 

1 = n 

... (2') 

0=^7n, 8A, 

• = 1 

1 = n 

... (3') 

0=^^, S/i, 

• = 1 

i = 71 

... (4') 

0 = ^ 5 , S/A., 

t =1 

i =n 

... (5') 

0 =^X, s\, 

1 = 1 

... (6') 

1 = ll 

0=^fi, 8/a, 

... (7') 


Keeping X fixed and varying /w,, wc have = 8 X 2 = ... = 8 A„ =0. 

From (!'), (4'), (5') and (7'), we must have a i*elntion of the 
foj’in — 

A A , H- BfjL , -(- (!p , + Dq , =0 

(t = l, 2, 3, ... ... ... (A) 

where A, R, (fee., are indeterminate. 

Similarly, by keeping p fixed, we obtain from (!'), (2'j, 
and (6') 

A'X,+B^fi,-\-(n,+iym,=0 

(/=!, 2. 3, ... .0 ... ... (B) 

where A^ ^ B\ (fee., are indeterminate. 

Multiplying (A) respectively hy ... /Lt,^ in order and 

adding we get, in virtue of the relations (4) and (5) 

i4cos0 + /?=O ... ... ... (8) 

Similarly, from (P), multiplying by A^, Ag, ... A„ and adding 
we get 


A' + 5'cos^=0 ... 


( 9 ) 
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Substituting ill (^) and (B) from equations ^8) and (9) we 
obtain equations of the form — 

coi^d=Pp,+Qqi ... ... ... (a) 

and fi,— X, co.s0=P7, ... ... ... (/?) 

= 2, 3, ... 90 

Multiplying (a) by (Z^, ... /„) in order and adding we get 

— {fjil)iioF>6=P(l})) + Q{lq) ... ... (10) 

Similarly, multiplying (a) by ... 9 h,i and adding we 

obtain 

— (^vi) qoh 6 = P (wp) + Q. (mq) ... ... (11) 

In the same ivay we obtain from (/?) 

(/4/)=P'+t/ (/m) ... ... ...(12) 

(lxm)=F ihn)-{-Q' ... ... (1-^) 

From these equations (10), (11), (12) and (1.3), by cdiminating 
(pi) and (p'in) we obtain 

{P'+Q\hn)]cof^e + P(lp) + Q'Jq) =0 ... ... (14) 

{P(lin) + Q'}cos0-\-P{mp) + Q(mq)=O ... ... (15) 

In a .similar manner from (a) and (j8), after multipljnng by 
■■■ Pn and q^, q^, ... in order and adding we get 

{P+Q(i9^)]cos^ + P'(/p)-|-f?/(m;0=^ ^ 

{P(pq) + Q)]^OfiO-\-P\Iq)-{-QXmq)=0 ... ... (17) 

Eliminating P, Q, P, Q' from equations (14) — (17) we obtain : — 


COS0 

(Im^cosO 

w 

Ug) 

(Im^QOsO 

cos^ 

(mp) 

(mq) 

(?j>) 

(mp) 

coh6 

cns0(2^q) 

Ug) 

{m<}) 

cm6(pq) 

(*os6> 

1 COR ® 0 

COR ^ 

e(hn) (Ip) 

Uq) 


cos^ 6(hn) cos^0 O^^p) 

(Ij)) (mp) 1 (pq) 

(Iq) (mq) (pq) 1 
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This is the same determinant equation as was obtained hi 
§• 23, and therefore tjives the same values of 0, 

Thus Ihe, mhiiuinm ayjles betwt^en any fivu pianos arc the same as 
those heticeen tivo spaces orthogonal to them. 

Note : Here it is seen that the nunil)er of minimum angles 
between two (u — 2)-spaces is only two; hut in genei-al there are 
(n — i2) minimum angles. The reason for this is that the other 
(^i— 4) minimum angles all vanish, in view of the fa( 3 t that tlie 
two (/i — 2)-spaces in an ^^-space are not “independent,” but they 
must intersect in a s])ace of (?/. -4) dimensions. 

§• 30. To show that the minimum angles between any 
two Hyperspaces are the same as those between spaces 
orthogonal to them. 

Take any two spaces of r and s dimensions respectively 
(r-\-s')^n), so that the spaces ortliogonal to them are respectively 
of — ^0 and (vt — a) dimensions. 

Let tlie spaces be defined by lines drawn through the oiigin, 
whose direction-cosines arc those given in §. 2f). 

Take two lines X and (jl respectively in the two orthogonal 
spaces. If 6 ho the angle between these lines, we have — 

i = n 

cosO = ^ X,fx, ... ... (1) 

i=l 

1=71 

I = ^ ... (2) 

t = l 
i=ii 

1 = S /t,” ... ... (3) 

i=l 

and since the line X is perpendicular to the r line.s of the r-space, 
i=n 0) 

0=5 X./. 

(j=l,2,3, ... r) ... (A) 

and .since /a is perpendicular to the lines of the A-space we have 
iz=n {t) 

0 = ^ lii m, 

i=l 


1) 2, 3, ,,, 


(B) 
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Differentiating the above equations we obtain 


i = n i=}i 

0=5 X,V. + S ... (4) 

1=1 i=l 

i = n 

0 = ^ A.8\. ... ... (5) 

j = i 

0 = ^ /A.S/A, ... ... (G) 

1 = 1 

i = n (j) 

0 = 5 /. 8X, ... ... (7) 

0 = 1 , 2 , 3 . ...0 

i=>4 (/) 

0 = ^ j 8 /jl, ... ... (8) 

r = l 

(^ = 1,2,3, ....s) 


Piifcfciiig 8 A .1 = 8 X 2 = ... = 8 X„ = 0 , we obtain relations of 

t = S (0 

tlie form AX, + B/i, + ^ n, ?n, = 0 ... (9) 

/ = 1 

(i = 1. 2 3, ... n) 

where A, B, ttc. are indeterminate. 

Similarly, putting = 8 / 1.2 = ... = 8 /x« = 0, we get 

0) 

A'X. + BV, + 5^0 ?, = 0 ... ... (10) 

(j= 1 , 2 , 3 , 

Alultiplying ( 9 ) by /x^ /i^, ... /x« in order and adding wc obtain, 
ill virtue of the relation.? (B) — 

A cos^ + B = 0 

Similarly, we obtain A ' + B' cos^ = 0 

Thus, equations (9) may be written as 

i=s (0 

X, — /X. cos^ = 2 (®) 

t=l 

(^ = l, 2, 3, ... n) 

and equations ( 10 ) may he written as 

J=r U) 

fi, - X. cosfl = 5 /3, ... ... (P) 

j=l 

(i = 1, 2, 3, ... n) 



INCLINATIONS OV SPACES. 


40 


Multiplying’ 

(a) respectively by = 

1, 2, 3, 

... M ; 

i = 1, 2, 3, ... r) 

in order and adding wc obtain 

, ill virtue of the 

relations (A), — ^ 

' 

/X t 1 co.s^ = > 0-/1^ 1 

1 

.. (y; 


^ ^ 7=1 ^ ' 



(J= 1, 2,3, .. 

. '■) 


From (P ) we 

obtain, in a similar manner. 



(- 

(J) \ P = r / (p) ())\ 

) = ^ P,.{l J ) . 


.. (S^ 


P=1 




(i=l,2,3, . ..) 



Eliminating 

/ 0 ) \ 

V P- / } between (y) and (8) 

we ul)(ain 


t = s 

{ (0 ^ e=>- 

/ (p) (J) \ 



y ’ III ) + i-osO ^ 


=0 

^=1 

j>=i 

\ / 



O' = 1, 2 

.3, ... .) ... 

(A') 


(0 


Multiplying (a) and (P) respectively by vi, 

(,/=!, 2, : 

3 ... .; 

i = l, 2, 3 . . . /i) ill 

order and proceeding in the same way, we 

obtain 

J = r 1 

" U) (0 \ ' 

('I) (0 \ 


^ P, ( 

/ in l+cos^^ a, 1 

III III j 

= 0 

./=l 

' ' 'i=l 




(/^ = 1, 2, ... ,s.) ... (13') 


Kliniiiiatiiig (tJii, .. a,) and Pr) from tliese 

(>’ + s) equations in (A') and (B') vve obtain the same determinant 
as was obtained in §26. 

Hence the values of 6 are the same as in the case of two 
Hyper-spaces of /’ and a dimensions. 

IT-B. Hern the miinber of miiiiirnnii an^lps in « ; but the orthogonal 
spaces being of (7j-r) anrl (n-.s) climensiouM (r>s), the number of minimum 
angles between ibcin should generally be The reason for this is that 

the remaining minimum angles all vanish, in view of the fact that two 

Hyper-spaces of (a-r) and (u-a) dimensions in an n-space cannot be 
“ independent, ” but must intersect in a lower space of {n-v-n) dimensions. 
Thus we get . (u-r-s) j or s minimum angles. 

7 
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§31' To show that the minimum ang^les between any 
two planes in an n-space are complements of the minimum 
angles between any of them and the space orthogonal to the 
Other- 


Let the planes be defined by the lines (/, in) and (^j, 7) 
respectively. 


Take any line (L) in tlie (^<-2 )-space orfcliooonal to the plane 
(?, m) and another line (Pj in the plane (p, q). 

Since ( L) lies in the space orthofj’onal to the plane (?, m) w(3 

must have 


i =?i 

> h, /, = 0 

1 = 1 

... (1) 



1 = ?i 

§ L , ni - , = 0 

1 = 1 

(2; 

Also, 


1 = n 

^ L.^= 1 

i = l 

... (•'?) 

And, since 

P lie.s 

i’, = 

in the plane (/), q), we may take 

{i= 1, 2, :l, ... n) 

( 4 ) 


1 = 11 

2 j 

= 1 = X*'* + /a® + 2 Xju f pq ) 

( 5 ) 


I ~ 


If <f) be the iiii«lu between (L) ‘•iiui (i^ i, we liave 

/ = ji 

Cos = > L, (XjP, 

/=! 

= X (Ijfj) ... ... 

Differentiating^ equations ( 1 ), (2), (.‘i', (o ) & ((i) we obtain 

o=dVs 7 ., ... ... ... ( 7 , 

1=71 

o = ^ in , S L , 

^ = 1 

i = n 

o = 5 L, S L. 

?=1 


( 9 ) 
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o = 8A. [k + ix.{pq)}+Sft. {A.(jp<j)+^j ... ... (lOj 

i = 'n i. = n 

() = SA. + (Jj7)8/x + A ^ 8L, + /X 2 7. 

/ = 1 

i = It 

= (L/))8A+ ^ (Ayj , +/X7 , )8[ j , , ... j 

i:=i 

Keeping- (L) fixed, wo h:ivo 

k {\j-p) = k + fx{fjti) ^ 

r wlion* k is iiidetormiiuito. 
k (I.7) = X ())rj) + ^ ' 

Multiplying' these by X and fj. rospeotivody and adding we obtain 
k 00s c^ = l, k=:l/oos </). 

(Lp)=oo.s0 [X + /a (pr/) J ... ... (12) 

(Lrjr)=ouS(/) [X(pri)+p\ ... ... (13) 

Keeping- (P) fixed we o])tiiiu 

af , -{-hin , +olj, + f \p, d"/^7 I )=<’• 

(/= 1 , 2 , 3 , ... 11 .) ... (U) 

wliei'e n, h, ci/ r -are iuLletenniiiato. 

Multiplying’ (Id) snocessivcdy by J,. p,. 7, (/= 1 , 2 , ..n) 

in order and adding we get 

(t-\-h {Im )+A (?p) +/ x(77) ' 

ft (hn^ h-{-X (jyjp)H-jLL (m(ji)=o 
r + A (Ijp) + /x (Ij7)=o r" 

(I (lp)-{-b (mp)-\-c (L^O+A + zx (p7)=() j 
a (^ 7 ) + ^ (i*?7) + '^' (^7) + ^ (pq)+H'=^i J 
13 y (12) & ( 13 ), c= — 00s and 

c (L^)= — cos’*0fA + /x(p7)J 
c (1^7)= — cos=*<^{A(p7) + zx} 

ddiese equations (A) can be written after eliminating c, 
(Lp), ( L7) as follow : — 

A Sin® 0 + /X Sin® (p^) + ^ {^p)~^b (mp) = 0 ( 15 ) 

A Sin® fji ipff) + p Sin® </> + a (^7) + h {'tnq) = 0 

^ Op) + P Oq) + a + h (Im) = o 

. A (mp) + p {mq) + a (Im) + b = o 
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Eliminating /x, (t, h from these equations we obtain the 
following determinant equation - 


Sin^ </) 

Sill* (pq) 

Up') 

{nip) 

=0 . . . (16) 

Sin® 0 (jjq) 

Sin“ <l> 

U<i) 

(Inq) 


Up) 

(I'l) 

1 

(hn.) 


( ini>) 

(mq) 

( hn ) 

1 



If (/)^ and c ^2 values of we have 

Siu“c^2 = 1/^^]*- 

Bnt tlie ex]n'ession on the right-hand side is the same as was 
obtained in for . Cns‘^^ 2 - Further if we replace </> by 

(^— </>) ill (16) we obtain the equation of ^2-^. 

0^ and 0^ ai e respecKvely tlie coiuplenients of and c^^- 

Again, from ihe syinmetiy in the result, wo infer at once tliat 

and are also tlie minimum angles between the plane (/, m) 
and the space orthogonal to the plane (/), q). 

Cor: — If ''ve put Sin**^ = 1 — - ()os*0, then 
Cos®</),. 

= Sin’*^!. Sin'^^g. (§2:i). 

§ 32. To find the angles between a s-space and a space 
orthogonal to a given r-space (j'>s and r+.s>9j). 

Let the r-space and the s-space be defined as in '§26. 

Take a line (L) in the space orthogonal to the r-space, and 
another line (P) in the s-space. 


1=71 (j) 

Then we have ^ L , / , = o 

i = l 


0' = 1,2,3, ... r) ... 

... (1) 

i=n g 

and 5 ^ 1=1 

1 = 1 

... (2) 
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Again, Hinoe (P) lies in tlie s-space. ^\ o nia^^ take 

t=s (t) 

Y* , = kf Hi , 

t = l 




where X, is iiuletoTininute and / = 1. 2, d, 


also 


5 P, = 1 

= 1 

j = s f= 


^ kA, ( 

i=i t=i 


( (t) 

HI Hi 




(<i) (6) 

Hi 'HI 


). 


= SK-,+-2SK *.( 

whei’e ft = 1, 2, d, . . . x -p 1, a + 2. . . . s. 

If be file angle lietAvoen (L) and ( (^) we liav(‘ 

l = n i = H 

('OH ffi — ^ |j , P ^ ^ 1-^ / (^ I + A-a f "b . • ■ + A.« '?/? , ) 

/=! /=! 


= > A.^(L?*2 ) 

^ = 1 


Differentiating equations (I), (2), (4) and (5) ^ve obtain 
i=n 

o = ^ 

i=l 


(5) 


1 = 1 


2)=s 

o = ^ Sk, 
p = l 


t=s 

-- 2 
t=l 


” 8L. 

... 

... C6) 

(j = 1, •% 

r) 


SL, 

... 

... (7) 

X ^ ''' 

, ^ Af {'111 W 

/ = ! 

) ... 

... (8) 

i ) + ^ 8 L , 

i=\ 

. It) 

^ kf m, . 

t=i 

... (9) 
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Keeping (L) fixed we obtain 

, (/>), , , </*' (Ox 

lt(Lm )= ^ Xf {m nv^)) 

t=l ■ . 

0^=1, 2, 8, 

whore I’ is in determinate. 

Multiplying these by X^, Xj^, ... X, .sucressively and adding 
we get k cos </> = !; A' = 1 / oos (/>. 


( L m 


(p) U) ) 

) = cos (f} ^ Xf (rn in ) r 

L ‘=i ) 


( 10 ) 


(p=l, 2 , ;}, ..>■) 

Again, keeping fP) fixed we o))tain 




t = S‘ 


it) 


( 11 ) 


a j I, + 6 L, + Xf m, =0 
j=i t=i 

= I, 2, 8, ... 7t) 

^itultiplying equations (11) by L.^, . L„ respectively and 
adding we get h + cos = n :.h = — cos c^. ... (12) 

Again, multiplying the same equations successively by 

and m, (.y = l, 2, 2, 3, • .s* ; ^’=1, 2, 3, ... 7i.) in 

order and adding we get 

^ ttj (I 1 )+ S X,(i)7 / )=() ... (13) 

i=i ^=1 

(g = l, 2, 3, ...r.) 

(Ox . (ZiTO*^’) 

and 5 m )— cos </» (L ??? )H 

cos 

I'.e. 5 ^)+ sin® (L m )/ cos <^ = o (14) 

(« = 1,2,3, s) 

Eliminating {L vi ) between (10) and (14) we get 
equations. 

Thus altogether we obtain (r+sj equations from (13) and (14) 
involving the (r + s) quantities a^, a^, ... a^. and X^, Xj, Xj ... X,. 
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Eliminating them we get the following determinant 

equation : — 
o 

II 



(r) (1) O') (*) 



o6 


Analytical (iEOME(rRt. 


This is the same determinant to find Sin </» as was obtained in 
§ 26 (II) to find cos 6 and gives s valnes of 

Hence the 0’s in this equation are tlie complements of 6's in 

§26. 

If we put Sin'‘*0=l— cos“0, w^e obtain 

(1) (2) 0*) (1) (2) {s) 

Cos..^, . COS^0,...COS“.^>. = -^y-(j5 — (1) (2) ^ 

[z I ...i [on ni ...in y 
= Sin“^i .Sin^^^a . ...Sin’*^, ■ (§^6, cor). 

Note. - From the symmetry in the above determinant it is seen that we . 
should obtain the same result if we calculate the angles between the i -space 
and the space orthogonal to the .s-space. In this case we obtain the deter- 
minant (I) of § 26j and tlic remark made in the corollary of that article 
applies to this case also. 

Thus we may generalise the theorem in the following form : — 

“i/ tlieve are any i ico spaces of r and s dimensions respectively + 
the angles hetiveen these spaces are complements of those hetween any of them 
fuid the space orthogonal lo the other, 

§ 33 Minimal lines : 

in defining angles between any two sjiaces we have taken one 
line in each of tlie spaces and th^n determined the minimum angles 
hetiveen these two lines. Tliese lines in tlieir limiting positions 
i.e.j when the angh* between them i.s a minimum, will be called 
“ minimal lines/’ The two lines in each limiting position will he 
called “ corres]iondiiig lines,” and when the lines are drawn 
through the same point, the plane determined liy them will be 
called a “ plane.” 

§ 34- The minimal lines in each of two given planes are 
at right angles to each other- 

Let AOB and COU lie any two planes drawn through any 
origin 0. Since five points will aufiice to determine the planes, 
they can be drawn so as to lie in a Hyper-space of four dimen- 
sions. Let OA and OB he the minimal lines in one plane and 
OC, OD in the other, so that the angles AOC and BOD are 
minimum angles and the planes AOC and BOI) are “minimal 
planes.” It is required to show that OB and OD are respectively 
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perpendicular to OA and OC j and consequently the plane BOD 
is absolutely perpendicular to AOG. 

Since L AGO is a 
minimum angle between 
the planes AOB and 
COD, the plane AOC is 
a common perpendicular 
plane to AOB and COD. 

ZA and ZC are right angles. For similar reasons, ZB 
and Z D are right angles. Thus the four lines OA, OB, OC, 
OD are such tliat Z 'A, B, C, D are right angles. 

It is required to shew that Z AOB and Z COD are right 
angles. If not, let AGP and COQ be eacdi a right angle. Then 
POQ is a plane which intersects both the planes AOB and 
COD and Z AOP and Z COQ are right angles. 

Now planes AOC, COQ, AOQ lie in a 3-s})ace determined 
by OA, OC, OQ ; and OC is perpendicular to OQ and Z C is a 
right angle. Z AOQ is a right angle.* 

Thus OA is perpendicular to bublj the lines OP and OQ ; and 
consequently to the plane POQ. Z P i« a right angle. Simi- 
larly Z Q hs also a rigid angle. 

'l^lie plane POQ is a common perpendicular plane to AOB 
and COD a.c., POQ is a minimal plane. But there are only 
two minimal planes. The plane POQ must coincide with BOD 
Z AOB and Z COD are right angles. Consequently the 
minimal planes are absolutely perpendicular to each other. 

Cor. I: If the two given planes are absolutely perpendicular, 
Z 'AOC, BOD are both right angles. Hence the four lines OA, 
OB, OC, OD are mutually orthogonal, as also the four planes 
AOB, AOC, BOC, COD. Hence the two planes AOD and 
BOC are also oi*thogonal to each other, as well as to the four 
planes. Thus the four lines determine a system of mutually 
orthogonal lines. 



Fide— Todhunter, Sph. Trigonometry, §73. 
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Cor. II: If the two planes have a common point, any plane 
through this point and cutting the two minimal planes in two 
right lines will be perpendicular to both. For the lines of 
intersection are mutually orthogonal, as also are the angles 
L C and L D right angles. Thus the minimal planes (absolutely 
perpendicular to each other) have an infinite number of 
common perpendicular planes, on which they cut out right 
angles. 

§ 35. An analytical proof of the above theorem may be 
given as follows : — 

Let the planes be defined as in §28. 

Let Ai, Aj and be the two values of A and B respec- 

tively in equations 8 — 11 (§23), corresponding to the limiting 
positiofis of the minimal lines. Also let Cj, Cg and D.^ be the 
corresponding values of C and D respectively in the other plane. 

Now the angle between the minimal lines corresponding to 
the two values of C and D being we have 

i=n 

Cos 5 (Cl rn, -f Dim\) (C^ m, + Dg ?a',) 

i = l 

= CiCg + (CiDg + DiCg) (mm')-bDiDg. ... (1) 

The equations determining the values of A, B, C, D are 
l=A^+B»+2AB(iO ^ 

l = C»4-D»+2CD(mm') J ’ ■ ^ ^ 

and A cos 0+B cos 0 {IV) — C {lm)—D {l'nV)=0-K 
A cos 0 {IV)+B cos 6—C (i'm) — D (2W)=0 f 
A {lm) + B (//m)— C cos Dcos0 (mm')=0 C 
A (Zm') + B {VrrV) — C (mm') cos O—D cos ^=0-^ 

Solving the first two equations in (B) for A and B we obtain 
A 

C{{lm)-{Vm) {lV)} + 'D{{lm^)-{VvV) {IV)} 

_ B 

C{{Vm)-{lm) (ZO} + D{(2W) {IV) \ 

_ 1 

cos e [zrj* 
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From the last two equations in (B) we have 

C + B (mm' ) A(lm) + B ( Vm) 

C(77im') H-D A(lm') + R{l'm' ) 

Substituting the values of A and B in this, we obtain 

C + B(wm') O , 

7^-7 . T-x =-r 5 where 

C (mm ) + T) ^ 

n = C { (Imy + (Vmy - 2 (Im) (Vm) {W) } + D { (Im) (Im') 

+ (Vm) (Vm')-(IV) (Im) (Vm')^ilV) (Im') (Vm)}. 

^=C {(Im) (Im') + (Vm) (Vm') - (Vm) (Im') (IV) 

- (IV) (Im) (Vm') } + B [ (Im')^ + (Vm')'^ 

- 2 (IV) (Im') (I'm') }. 

Put a = (Zm)® + (//m)®— 2(??') (Im) (Vm). 

PS(lm')^ + (I'm')^ - 2 (IV) Om') (Vm'). 
yE(lm) (Im') + (Vm) (Vm') — (Z'w) (l/m') (W) 

-(11!) (Im) (I'm'). 

Then we have 

C + J)(mm') C.g+Dy 
C (mm') + D C-y + I).^ 

or {C + U (mm')} {C'y + Dj 3 } = {C (mm') + D} {Ca + Dy} 
or C® {y — a (977771^)} + CD {y (wm^)+j8 — y (mmV) — a} 

+ D®{^ (mm')— y}=0. 

or C® {y— a (mm')} + CD{^— a] +D® (mm')— y}= 0 . 

This is a quadratic in C/D and hence gives two values of C/D, 
narnely, 0^/0^ and Cj/D^. 


Th„, (W)-T 1 

DjDj y-a(mm) I 

, Cl Cg j3— a I 

Di"*'Da~^y— a (mm') J 

From (1) we have cos</>=CiCg + (C^Dj +CjDi) (mm')-f D^Dg 
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Substituting the values from (2) we obtain 

cos0=D,D, rw) ) 

|y — a (771771 ) y— a ( 777771,') j 


“y—a\ 771777'; y— ^'v'^^^^^') + a(w777')H-y— a (777777') | = 0 

<^=277 7r+-^ . i.e. the two minimal lines OC and OD are 
mutually perpendicular. 

Similarly, the two corresponding lines in the other plane are 
mutually perpendicular. 

Cor : The minimal planes are also mutually orthogonal. 

§36 To express the minimum angles between any two 
planes in an n-space in terms of the mutual distances 
between the generating points. 

Let the planes be defined by two sets of 8 given points whose 
U) U) 

coordinates are ,r, and 7 /, (j=l, 2, 8 ; 7 = 1, 2, 8... 77 ) respectively. 

If 6^ and 6^ be the minimum angles between the planes, Ave 
have by §, 24, 

.. ( 1 ) 


But we have 


1 

0 

c 

0 

X 

0 

0 

.. 0 


(1) 

(1) ; 


(1) 

( 1 ) 

-2 I - 


1 

2/1 

■■ Vn 


(2) 

(2) i 


(2) 

(2) 


— 2t'i 

. — 2f'„ 11 

! 

1 

2/1 ■ 

Vv 

4.) 

( 3 ) 

( 3 ) i 

■ -2% 1! 

1 

( 3 ) 

2/1 ■ 

( 3 ) 

Vn 


<-)■ 

/ ( 2)\2 

>[y.j 


(1) (i) 

1 

(2) (2) 

1 

(3) (3) 

1 .M 


_ ( 1 ) ( 1 ) 

1 Vr 2/2 

, ( 2 ) ( 2 ) 

1 2/1 y* 

_ (3) (3) 

1 2/1 2/a 


= 4 2(l3?i-Ta)/(l2/i2/a) 
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o 1 1 1 I 

/ (1) (i)\» / (®) (>)\« / (s) (i)\» = (say) ... (2) 


/ (1) (i)\» / (®) (>)\« / (s) (i)\» = (say) ... (2) 

= 1 (® y J yc' y J 

1 / (1) (2)\» / (2) (2)\* / (S) (2)\» 

yx y J (^.x- yj 2/ j 

/ (1) (S)\s / (2)(3)\!> /(2) (S)\S 

1^.6 y j y«i y j y^ y J 

where y) stands for the distance between the points 


( 1 ) ( 1 ) 
denoted by .r and y. 


The numerator of (1)= ^ A! 


( 1 ) ( 1)1 2 


( 1 ) ( 1)1 


A^ain,s(l 3’,)* = S 1 iTj .1'^ =2 1 .I'l 3’s 


( 2 ) ( 2 ) 

1 a, *8 

( 3 ) ( 3 ) 

1 a . a ■ 


( 2 ) ( 2 ) 


... (3) 


( 1 ) ( 1)1 

1 .rj . 1 ', 

( 2 ) ( 2 ) 


la, a, 1 .I’l ii’, 

(») ( 3 ) ( 3 ) ( 3 ) 

1 .r, .'■» 1 *8 


/ (2) (1)\» 

* j 

/ ( 3 ) ( 1 )\» 

yx x) 


(tf ^ )* (.r/y 

/ ( 2 ) (. 3 )\ » 

O (.X .. ) 


/ ( 2 ) ( 3)\1 

i" * ) 


Similarly, 2 (1 y^ y,)’ = i A,y ... (5) 

2 

«'* COS* cos* O2 — XS" ^* 1 / ” T ^ ■ T ^ 1/ .V 

— A*y/ AjrvAjry 

where A«y, A*,, A^y stand respectively for the determinants 
in (2), (4i) and (5). 
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Ag^in, by the same §24, 

(1) (a) (s) (1) (a) (S) 2 

Sin»(9,.sm><J.= [ ] 

-i- - (6) 

The numerator in (6) can be expres.sed in terms of the mutual 
distances between the points as follows ; — 

I 1 0 ... 0 0 0 lx 


(1) 

(i) 





-2., ... 

-2f. 0 

1 


(a) 

(2) 

(8) 




-2., ... 

-2®. 0 

1 



(») 

(3) 




-2,f^, ... 

-2r, 0 

1 


(1) 

(i) 






— 2y, 1 

1 


(a) 

(2) 




^(y.r 

-21/, ... 

-22/. 1 

1 


(3) 

(3) 

(3) 




-21/, ... 

-2y. 1 

1 



0 0 

V. 0 

0 

1 


(1) 

(i) 


(1) 


1 ■•'x 

.V. 

0 



(2) 

(a) 

■ 

(a) 

i 

1 a-. 


0 


i 

(3) 

(3) 


(3) 


1 

. . . n 

0 



(1) 

(1) 




1 2/i 

Vn 

1 



(2) 

(2) 


(8) 


1 Z/i 


1 



(3) 

(3) 


(3) 


1 2/i 

y. 

1 

M 

S' 

IB 


(1) (2) (3) (1) 

(2) (3)_, 



= 16 

r X X io y 

y y \ 




0,1 



The same matrices multiplied give the determinant 



o 


(I) (3) (2) (3) (SJ (3) 



This may again be \AT™itten as 
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(S) (1) (£) (e) (ft) (z) (ft) (1) 
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Adding the 1st row to each of the 6th, 7th and 8th rows 
find then subtracting the 2nd row, we obtain (denoting the points 
(1) (2) (3) (1) ( 2 ) (S) ' 

X, X, X by the numerals 1, 2, 3 and y, y, y by 1', 2', 3' — . 

101 1 1 0 00 

001 11 1 11 

0 10 (2,1)“ (3,1)» (l',l)» (2',1)» (3',1)“ 

0 1 (1,2)“ 0 (3,2)“ (r,2)“ (2',2)“ (3',2)“ 

0 1 (1,3)“ (2,3)“ 0 (l',3)“ (2',3)“ (3',3)“ 

1 1 (!,!')“ (2,1')“ (3,1')“ 0 (2',!')“ (3',!')“ 

1 1 (1,2')“ (2,2')“ (3, 2')“ (l',2‘)“ 0 (2',3')“ 

1 1 (1,3') “ (2,3') “ (3,3') “ (l',3')“ (2,'3')“ 0 

(say). 

1231'2'3' n a . . 

Q Y tVA 1/2^3' 

§37- To prove that the orthog^onal projection of a plane 
circle on another plane is an ellipse, and that the square of 
its area is equal to the sum of the squares of the areas of 
the ellipses of projection on the coordinate planes determined 
by each pair of axes. 

Let (i,m) be the plane of the circle, the origin its centre and 
let (p,g) be any other plane. 

If ^ 1 , 0a be the minimum angles between these planes, we 
have by §23, Cos0i.Oos0a = [Wj^!Z]/[M M* 

We have also seen that the minimal lines in each plane are 
mutually orthogonal. Therefore if we take the two minimal lines 
for diameters of the circle, they will project into two orthogonal 
lines through the projection of the centre. 
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Hence two conjugate diameters of the circle will project into 
twp perpendicular diameters of the projected figure, i.e, into two 
axes. 

The projection is a conic* and since the projecting lines all 
meet the plane of projection in finite points, the projection will 
be a closed figure, and consequently it is an ellipse. 

. If a be the radius of the circle, the product of the axes of 
the ellipse = a cos^j. a cos^j. 

=a® cosOj.cos^a 
=o> [Zm/> 3 ]/[H [jpq] 

The area of the ellipse =7ra® [lm/pqy[l7n] [pq] 

If the plane (p,q) be any of the coordinate planes (say) the 
plane (1, 2), 

then the area=Ta* j [iw] 

Sum of the squares of the areas of projection 
ilmy=n^a*[lmy/[hny 
= 7 r*a^= square of the area of the circle. 

§38. New definition bf angles between two planes : 

From the form of the expression for cos cos 9^ between two 
planes (§24) we may readily infer a new definition of angles 
between two planes. For, in (4) of §24, we find that the numera- 
tor is the sum of the products of the type 


(l) (1) 


(i) (I) 

1 ®, 

X 

1 2/i y» 

f2) (8) 


(2) (2) 

1 2 X 2 


1 Vi Vi 

(3) (3) 


(3) (3) 

1 


1 Vx y> 


Now, the first factor = 2 x area of the triangle in the axial 
plane (1,2), which is the projection of the 

triangle S determined by the three given 
(1) (2) (3) 

points Xf Xf X. 


* This follows from §4, Cap. XII, Bertini^loo. cit. 
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Sitnilarlj', the second factor = 2 x area of the triangle in the 

axial plane (1,2), which is the 

projection of the triangle S' in 

the plane determined hy the 
, . (1) (2) (3) 

three points y, y, y. 

If Sja and be these areas, the numerator becomes 
Again, we have seen §22 that 

(r=l, 2,...n ; s=r+l, r+2...w) 


. (1) (1) 


(1) (1) 1 

1— 1 

” = 4S* and ^ 

01 

(2) (2) 


(2) (2) 

1 iZ/^ iZ/ 2 


1 Vi Vi 

(S) (a( 


(3) (3) 

1 *1 a. 


1 2/i 2/. ) 


Hence the expression (4) of §24 becomes 

co8®^i -cos^^a = (4^Sr , S', ,)/4S .4S' 

= (5S,. S',J/S S'“ 

SS' cos^i .003^3 = , S',., 

(r=l, 2, 3...W ; S=r + 1, r+2, r+3,...w) 

Since any plane area can be divided into an infinite number of 
small triangles, the reasoning will apply when S and S' are any 
two plane areas. 

Thus if S and S' are any two plane areas in the given planes 
respectively and Su, S'^^ etc. are respectively their projections on 
the axial planes, then the angles between the planes of S and S' 
are given by 

SS' cos^i -cos^j =5S,. , S',, 

[r=l, 2, ; s=r+l,r+2, r-+3,...ri] ... (2) 

§39. To find the shortest distance between two g'iven 
planes in an n-space. 

The shortest distance between any two planes is the intercept 
on the line which meets both of them orthogonally. Hence it is 
the projection of the line joining any two points of the planes 
on a common perpendicular line to both the planes. 
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The planes are each determined hy three given points. Thus 
they can he drawn so as to lie in a 5- space determined by the six 
points.* Again, the line on which the shortest distance lies 
intersects both the planes, and thus having two of its points in 
the same 5- space, entirely lies in it. Hence the problem reduces 
to one in 5-dimensipnal Geometry. 

Now, let (if,, 2/1, 2t) and (xj, y/, z?/) be two sets of 3 points 
defining the planes (i = l, 2, 3, 4, 5). 

Let the direction-cosines of the lines joining x to y and z be 
( j ) 

given respectively by and those of the lines joining iL to y 
and z be given by m, (y = l, 2 ; ^=l, 2, 3, 4, 5)- 

Let X be the line on which the shortest distance lies, so that 
its direction-cosines are (i = l, 2, 3, 4, 5). 

Now, the content Vg of the “join ” of the six given points is 
given by (51V g)*"! — 1 ^3 

1 yi 2 /a 2/3 2 /i 2 /b 

1 

1 X2 it's >^4 

1 Vi' Vi Vs' y* y^' 

1 2 !g -3 Zj- 

0 £Cj — X-^ '*Ca'“‘^*'a ^3 '^'3 

0 a?! 2/1 X2 2/2 2/3 *4 2/4 2 /b 

0 «r2^”^2 ^ 3””^3 ^4 ^”^-1 ® B ~ ^ B 

1 X tC 2 ^3 ^4 

0 3^1 2/1 ^’a 2/a ®3 2/3 ^'4 2/4 ^B 2/b 

0 ^2 2^2 2?^ KJj S5 

£*/l flSi X^ X2 ^3 ^'3 ®4 ^4 '«^B '*'b C^) 

ajl 2/1 *2 2 /a *3 2/3 2/4 ^B 2 /b 

®4 '^4 ^5 *b 

^i'—yJ as.'-y*' y.' 

3i' * 4 '— <!*' 

* Fide — Bortini — Introdazione etc., Cap I, No. 10-11, 

^ — Proc. of the London Math. Boc. VoIb. XVIII and XIX. 
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If xy=^p, ae =<r; x’y' = p', x'z' =<r\ where aj/ stands 'for the 
distance between the points x and y, then we have 

»i— 2/1 • y, 'I 


®1 — *1 _ — *2 


a!i'— y/ ^J—Vt 




(1) = (1) = ... = (1) =p', 



mj 


mg 



aj,'— Zi' 

z. 

/ 


t 


(2) I 

= (2) 

— ■ - 

= (2) 

= 0■^ 


Substituting these 

obtain 

values 

in the 

determinant 

5!V. = 

aji— ajj 

a!a— *2 

OJa— UJa 


»» — 


(1) 

l^p 

c 

(1) 

hp 

(1) 

i^p 

«!p 


(2) 

l^KT 

(2) 

ZgO- 

(2) 

l»<r 

(2) 

l^fT 

(2) 

l,(r 


(1) 

m^p' 

W,p 

(1) 

m^p' 

(1) 

my 

(1) 

my 


W , 
m^o- 

(2) 

(2) 

my 

(2) 

(2) , 
m,(T 

„ PPW' c. 

(2) 

(1) (2) (1) (2) 
iltltm ^m,) 


Now, the line \ is perpendicular to both the planes and 
consequently to all lines in them. 

By the condition of perpendicularity we obtain : — 

1 = 6 (i) ^=6 (2) 

S Kh =0, 5 A, Z, =0 
1 = 1 1 = 1 


z = 6 (1) ^ = 5 (a) 

^ A^m, =0, 2 A, =0 

i = l * = 1 


( 3 ) 
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Solving these equations for X,, X,, X^, X,, we obtain 


( 1 ) «) ( 1 ) ( 2 ) “ ( 1 ) ( 2 ) ( 1 ) ( 2 ) ( 1 ) ( 2 ) ( 1 ) ( 2 ) (*) 

7, J, (^1 »ii) (li t, wis ’"•») 


(1) (2) (1) (2) (1) (2) (1) (2) 

(Ij Z, wij TH^) [Z Z m m I 


... (4) 


1=5 2i 

for S = 1. 
i=I 

If 8 denotes the shortest distance (s. d.) between the planes, 

it is the projection of xx' on the line (A,), and consequently 

8=(a;i— aj\) Xi + (■'’2 ^2 + ^3 + 

, + )Xb. 

Substituting these values of X’s from (4) in this we obtain 

^ (1) (2) (1) (2) 

8[Z Z m w] = 


L 1 

1 

^3 

X ^ ““ X ^ 

®B — B' 

(1) 

(1) 

(1) 

(1) 

(1) 

h 

h 

^3 


^5 

(2) 

(2) 

(2) 

(2) 

(2) 

h 

h 

^3 

^4 

^6 

(l^ 

(1) 

(1) 

(1) 

(1) 

mj 

Wa 

Wg 

m^ 

mg 

(2) 

(2) 

(2) 

(2) 

(2) 


ma 

mg 


mg 


( 5 ) 


=5!V,/pp'<r<r'. 

(l) (2) (1) (2), 

orV, = ie^.8[Z I m m ] 

ul 

Now the area A of the triangle xyz^\p(r sin^, where 6 is 
the angle between* the lines xy and .iz, 

( 1 ) ( 2 ) 

or A=ipo’ U M- 

Similarly, the area A' of the triangle y' z is given by 

(1) (2) 

A =» \p' [mm'] 

(1) (2) (i) (2) 

f\ 4A A'— i ] [m m ] 
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V. = 


4 A A' 

(i)(2> (1)^2) Imm] 

5! [Z I ] [m m ] 


(1) (2) (1) (2) (1) (2) (1) (2) 
or (30V,)* =A*.A'*.S* [Z lmmy/[l Z ]• [m m ]• 

= A’.A'*.8* 8in»tfi-8in*6l,* (§.23) ... (A) 

where and are the minimum angles between the planes. 


Now, 4A’ = 2 [1 *s 

1 Vi Vt 


(1 xyzy 


and 4 A" =5 1 A ' h5(1»'2/V)’ 

1 y\ y\ 


and sin’ll ain'dj = j" — J (l^y*)* •^(liey*')’' 


(§■ 24) 


= [^2'J^]’-4A*-4A'*. 

A* A'*, sin'll •sin*e,=-iif ± y^«>y ^ J 
Thus finally, from (A) we obtain 

(30 T.,. 4;[^]- 

or(5. V.)-=8- [ ]• 


8.= (61 V.)•.^ [ 


* This exactly corresponds to the formula in 3-dimensional Geometiy — 
vide Salmon’s Geometry of three dimouBions, I2x. 3, p. 60, 
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1 lU .r 3 iCg X 

1 Vi y* Vi y* y„ 

1 «! Z, ■ iSj «„ 

1 »'i ®', »'s •*■'* *'» 

1 y'l y\ y\ y\ y\ 


.^51 1 1 0 0 o> 

0 0 0 1 1 1 

■»'i 2/i 2i »'i y\ z'l 

a* 2/. »'» 2/'> *'s 

®a !/> , *3 *'3 y'a «'a 

»* ^4 «* *'4 2/'4 /5'4 ' 

Thus 8 is. expressed in terms of the coordinates of the generat- 
ing points of the planes. 

Hote.— The method is perfectly general and can be applied in the case of 

two spaces of any number of dimensions. Thus the shortest distance between 

/ (01 (1) (r)\ ( (0) (1) {r')\ 

two spaoes S, V®, ®, ® / and S, Vt/, y, ... y / is given by - 


^ a r (0) (r) (0) {r'U , 




CHAPTER III ; Hyper- Spkerea or Spherics. 

§40. Definitions: Anr-i*^^mcin an ?i -space is a surface 
of the second order of r dimensions. It is the locus of points in 
an r-space, which are equidistant from a fixed point in the same, 
called the centre. 

Any line drawn through the centre to intersect the surface is 
called a “ diameter.” Any plane through the centre intersecting 
the surface is called a “diametral plane”; and in general, any 
fc-space (k < ?■) drawn through the centre to intersect the ' 
r-spheric is called a “ diametral A;-space.”* 

§41. To find the equations of the circum-circle of a 
triangle^ the co-ordinates of whose vertices are given. 

Leta.,^,, y, (2 = 1, 2, 3, n) be the three vertices of a 

triangle. The equation of any n-spheric may be written as: — 
i-=.n 

^ -}-2 5 A, ,/\-|-C„=o ... ... (1) 

^■ = 1 i=\ 

where A, and C„ are arbitrary constants. 

If this passes through the three given points (a, , , y.), 
we must have those arbitrary constants connected by the 
relations : — 


i-=.n %'=.n 

5 5 A. a,+C„=o 

i—Y * ^ = 1 

... (2) 

i’=.n i—n 

^/i]+2 5 A, p,+G„=o 
i=l 

... (3) 

i=n 1 = 71 

5y“ +2 2 A, y,+C„=o 
i=l ' ^ = I 

... (4) 


*A number of theorems on the intersection of diametral spaces (Diametral- 
rafime) with Spherics (Kugeloberflaclie) have been enunciated by Veronese. 
Vide — Griindzuge der Geometrie &c. § 174. We hero proceed with the 
analytical nvestigations of certain properties of general spherics. 
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Eliminating A^, Ag, A„. C„ fiuni these equations, we obtain 

the- equations of a set of ?i-spherics, having a common circle of 
intersection passing through the three given points, — 

i.e. the equations of the circumeircle are 
i=n 

S '‘i .t'a '■« 1 =0 ... (A) 

i = l ' 

i^n 

. ct^ cig 1 

i=l ‘ 
t=.n 

5)9: ;8. yS, y3. 1 

1=1 

1=71 

■ V* Vi V. 1 

^ = l 

It is possible to choose A^, A^, Ag .. ..A^, C„, so that the 
ceijtre of the w-spheric lies in the plane — 

■t’l .'*2 '■« 1 =0 ... (B) 

«i ttg a„ 1 

P. P. P. 1 

Yi 72 7:^ 7‘- 1 

In this case the co-ordinates of the centre of the circum-circle 
are the same as those of tlie ?fc-.s])heric thj*ough the three given 
points. 

The co-ordinates of the centre of the n-spheric are ( — A^,— A^ 
— ^Ag, — A„) and the radius R is given by 

i=7i 

R“= 5 A^-C„. 

^•=1 ' 

Thus from the equations (2), (3) and (4) and the (n— 2) 
equations in (B), we can determine the co-ordinates of the centre 
and hence the radius of the n-spheric* 



HYPER-SPHERBS; 


76 


§42. To find the radius of the circum-circle. 

Through the three given points, a plane can he drawn and 
consequently the radius of the n-spheric through the points, with 
centre in theii- plane, is the same as that of a plane circle. 

Let a, &, c be the lengths of the sides of the triangle. Then, 
by Plane Trigonometry, we have 

fi® 

4 R* = — — where A is the angle at the vertex (a) ... (1) 

S211^A 


Now, the direction -cosine.s of the sides are given by 


^ ^ ^ (^' = 1-) 2, 3 j/) roispectlvely. 

r h 




“1— ^1 


* =-l_5 

“1-^3 

“.-^2 

r 

c 


p 

1^ 

^*"2 72 


<j^i — y^ 

“ 2 -Y 2 

■ ~b 

h 


1 #1 


1 


1 1 

«i Pi 

“i p2 


1 

yi 

7-2 


... (II) 


From (T ) we hare 




i=n 2 f=y 2 

§ (a.-iS.) 

i, = l i=l t'=l 


1 

1 1 


1 

1 

1 


Ti 




7i 

*12 

Pi Y 2 


«2 

Pi 

7* 


If the lengths of the sides («, b, r) are given; the result may 
be stated as ; — 


2E*=, 




2 h*c* + ‘ 2 ,e',a* + 2 a*h* —a* —b* — r* 
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§43. To find the co-ordinates of the centre of the 
circfim-circle. 

From §41, we have the following equations: — 

2=n i=.7i 

S a“+2 5 A.a.+C„=0 

i-\ ' . i=l 

1=11 

^^,+2 ^ A,/?,4-C„=0 ^ ... ... (a) 

i=J /=1 ^ 


i=n t=7i 

5 r“+2 ^ A, y, H-C„=0 

^ = l /=1 


-A. 

-A, 

-A, 

....-A, 

1 

=0 

... (b) 


“a 

ttg . . . . 

a* 

1 



/3. 


/3, 

P, 

1 



Vi 

r> 

Vn ■■• •• 

yn 

1 




To solve (b) we have 

—A, =\a^+fji/3, +vy, 

('t = l, 2, 3, n) 

and l=X+/LL+v 


Compare — Frost — Solid Geometry §689. 
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where A, fi, v are indeterminate multipliers. Substituting 
these values of A, in (a), we obtain 


2 s (Xai+fi,p,+vyi) a, = 5 a +C, 

t=l *=1 

2 'iV».+/^/3.+vy.)/3, =*iV + C. 

i=l i=l 

i=n i=n 

2 5 (Aa. +>7i)y. = ^r* + C„ 

i=i i=i 

These equations may again he written as : — 


%—n 


i—n 


i—n 


1—71 


2X ^ a** +2/1 ^a,^,+2v ^a,y,= ^a*+C„ 

z = l i = l { = l i = l ’ 


1=7 


1=71 


i=n 


i=n 


2X 5a,-i3,+2/i +2v ^ + 

1 = 1 1 = 1 ^ = 1 1 = 1 

1=71 1=71 1=71 i=n 

2X 5 a, y. +2,1 5^.y.+2i/ ^7* = 5 r>C„ 

Z = 1 = l / = 1 ^' = 1 

Subtracting (2) from (1) we obtain 

S = 7l i = 7l r-i — ll 


( 1 ) 

( 2 ) 

( 3 ) 


[ b fv V tv ^ ^ fl 

5 a'- 5 a,)3. +2^ s a./0.- 2 /8* 
i = l t = l J U- = l i=l 'J 

[ i=7i i=7i -| 

5 “,y.— S ^.yt 

1=1 i=l J 


i=n 


= 5 a - 

i = l ,=1 

[ 1=71 Z=W 

S a*- S /S] I 

i=i ;=i 'J 


1=71 j 1=71 , 

or A 5 (o,— /J.)— ju, 5 (a,—p,) +v 
i=l 1=1 


i=l 


(^.-yi) 


i=n ,■) 

— § (y, — o.) f =0 ... 

1 = 1 ) 


( 4 ) 
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i=.n , '1 

Putting a* = ^ (^,—7,) 

i=l 

i=n , 

6*= S (y.— “.) 

i=\ 

c*= 2 (a.-)8,) 
i=\ J 

the equation (4) may be written as 

Xc® — /me® +v(a® — 

Similarly,— Xfe® +/m(e® — a®) + v6’=:0 
Splving these two equations for X, /m, v, we obtain 

\ fi •' 

o«(a*— 6“— c*) ~6* (6* — a* — fc*) 

\+/j.+y 

rt* + fc* +r* — — 26 ‘p® — 2r®a“ 

_ 1 

n* + h* + e'* — 2a • 6 26 * c » — 2r ■ a * 


0 111 

1 0 r* 6* 

1 r“ 0 a* 

1 6* a» 0 

Hence 

A, = -(Xa,+^)3.+va,) 


0 

“4 

/8, 



0 

1 

1 

1 

1 

0 

c» 

6® 


1 

0 

c® 

fe* 

1 

c* 

0 

a* 


1 

e® 

0 

a® 

1 

6*^ 

a* 

0 


1 

6® 

<1* 

0 


(i=l,2,3...») 

Thus the co-ordinates of the centre are determined. 
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§44. To find the co-ordinates of the centre, and also tlie 
radius, of a 3-spheric passing through four given points in 
an n-space. 

The method of finding the co-ordinates of the centre is exactly 
similar to that used in the preceding article. In this case, the 
co-ordinates are expressed as a linear function of the co-ordinates 
of the four given points. 

To find the radius we proceed as follows : — 

Let A, B, C, D, be the four given points and denote them by 
the numerals 1,2, 8, 4 respectively. 

Let O be the centre of the 3-spheric and denote it by 5. 

Let (1, 2)® stand for the square of the distance between the 
points 1 and 2, and so on. 

Then, since O is the centre, we have 
Rs=OA®=OB®=OC®=OD® Le. 

(1, 5j® = (2, 5j® = (3,5V = (4, 5j®=Il®. 

The centre of the 3-spheric must lie in the 3-8pace detei'mined 
by the 4 given points. 

I 

The coiiditioii that O lies iii the 3-space is given b;^ 
§ 15, as 

0 1 1 1 1 1 ^0 

•1 0 (1, 2)» (l,'3r (1,4;» ‘(1,5)* 

1 (2,1/ 0 (2, 3)» (2,4)* (2, 5)» 

1 (3,1'/ (3,2/ 0 (3,4/ (3,5)* 

1 (4, 1)» (4,2/ (4, 3)» 0 (4,.5)’’ 

1 (5,1)* (5,2)* (5,3/ (5,4)* 0 . 

If we put (1,2)»=<*,:(2, 3)*, =6*, (2, 3)*=a*, 

' ■(i,4)*=/*, (2,4)*=!,*, (3,4)»=V 
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The condition reduces to 




0 

1 

1 


1 

1 


1 

=0 



1 

0 

c* 


ft* 

r 


R® 




1 

c® 

0 

a® 

9^ 


R® 




1 

6* 

a® 


0 

ft® 


R® 




1 

P 

9“ 

ft® 

0 


R® 




1 


R® 

R® 

R* 


0 


This, 

, when simplified, gives us 






•2R» 

c 

) 1 

1 

1 

1 

+ 

0 

c® 

6® 

p 


1 

0 

c* 

ft® 

P 


c® 

0 

a® 

9' 


1 

c* 

0 

a® 



ft® 

a® 

0 

ft® 


1 

ft* 

a® 

0 

ft® 


P 

9^ 

ft® 

0 


1 

r 


ft® 

0 






This 

gives the radius 

as the quotient of two determinants. 


§45. To find the equations of an r-spheric passing 
through (r+1) given points^ and to find the co-ordinates of 
its centre and also its radius. 

Let the points be denoted "by the numerals 1, 2, 3, ... r + 1 ; 

and let their coordinates be denoted by a, (^=1, 2, 3, ... r+1 ; 

1 = 1, 2, 3, ... 7t). 


The equations of any n-spheric may be written as — 
t =x 2 i = n 

5 +2 5 A, .P.+C.=0 ... ... (1) 

t = i i=l 


where A, and are arbitrary constants. 

If this passes through the (r+1) given points, we have the 
following relations connecting the arbitrary constants A^, Aj 
A, and Co : — 


i = U) \2 » = w / O’) \ 

j +2 A. (a, ] +C„=0 


( 2 ) 


( j — 1? 2, 3, ... r+1) 

^ 

* Vide — Frost, Solid Geometry §689. 







Eliminating A^, A^, ... A. and from these equations 

(1) and (2), we obtain the equations of a set of n-spherics, having 
a common r-spheric of intersection through the (r+1) given 
points — 


We may take these as the equations of an r-spheric : — 

I , l=® (3) 


<=1 


J!, 

■r* ... 

... 

i=n 


2 (1) 

(1) 

(1) 


J 

1 

tta ... 

... a. 

<=« 

r (2) > 

2 (2' 

(2) 

(2) 



1 

a, ... 

... a. 


, = n/ (r+1) >.2 (r+1) (r + 1) (r+1) 

,f A ) “• ‘ " 


It is possible to choose A^, A^, ... A^, C^, so that the centre 

of the n-spheric lies in the r-space determined by the given 
r-points i.e, in 


iCi 

*2 

■^’3 


(1) 

(1) 

(1) 

(1) 


“2 

^3 

. 

(2) 

(2) 

(2) 

(2) 

“i 

“2 

«8 


(3) 

(3) 

(3) 

(3) 


®2 



O-n 

(r + 1) 

(r + 1) 

(r + 1). 

(r + 1) 

“i 

a. 

®3 



=0 ... (4) 


, In this case the centre of the n-spheric coincides with that of 
the r-spheric. 

To find the coordinates of the centre we solve equations [4) by 
the method of §§ 43, 44. 
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We obtain the following equations for determining the 


coordinates 

A. = ' 0 

(1) 

“i 

(2) 

Uj - ... 

(r + 1) 


1 

0 

(1,2)* ... 

(l,r+l) 


1 

(2, 1)* 

0 

. (2, r+1) 

1 

1 

(r+1, 1)* (r+1, 2)* 

0 


0 1 1 ... 1 

0 0 (1,2)* ... (l,r+l)* 

1 (2,1)* 0 ... (2, r+1)* 

1 (r+1, 1)* (r+1, 2)* ... 0 

Let 0 be the centre and deiiote it by the numeral (r+2). Then, 
following the method of § 43, we have 

0 1 1 ... 1 1 =0 

1 0 (1,2)* ... (1, r+1)* R* 

1 (2,1)* ON ... (2, r+1)* R* 

1 (3,1)* (3, 2)» ... (3, r+1)* R* 

1 R* R* ... R* 0 

Simplifying this we obtain 

0 1 1 ... 1 + 

SR* 1 0 (1,2)* ... (l,r+l)» 

1 (2, 1)» 0 ... (2, r+1)* 

1 (3,1)* (3,2)* ... (3, r+1)* 

1 (r+1,1)* 


(r+1. 2) 


0 
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0 

Cl, 2)« ... 

(l,r+l)* 

(2, 1)* 

0 . ... 

(2,r-H)* 

(3, 1)« 

(3, 2)» ... 

(3, r+1)* 

(r+1, 1)* 

(r+l, 2)*... 

0 


This determines the radius of the r-spheric through the (r+1) 
given points, 

§46. To find the “content” of an r-spheric in an 
n-space. 

Let a be the radius of the spheric, The “content” is the 
rth power of the radius multiplied by a constant, i.e, it is 
given by K,. a’*, where K,. is some constant, 
or symbollically, if V, represent the “content,” we have 

V,=K, a^ ... ... (1) 

Take any section of the spheric by an (r—1) -space perpendi- 
cular to the rth axis, at a distance x from the centre. 

Since the section is an (r— l)-spheric,* its “content” may 
be taken to be where y is the radius of the 

(r—1) -spheric. 

f -f o 

Kr-i dx, where y is the radius of the 


section. But .i ^ -f a;* + + Xj. —a®; 


V,= K,_, 

W 

a' cos*" 0 d6, putting z=a sin 6, 

TT 

K,.a''=2 Kr_i J cos 


'^OdO 


* Veronese — loc. cit. § 174, Satz III. 
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K,/K,_, = 2 /*’ coB'-edO. 

(if r is odd) 

. 1 * 

O 1 TT /.J. . V 

T’T'T 

Putting r= 2, 3, 4, ... in succession, we get 

K./K, = 2-i-Z 

KJK, = 2-1 

KJK, = 2-ii-Z 
K./K, = 2r\ 


— 2- 

r ‘ r— 2 r— 4 

_ g r— l . r— 3 . r— 5 
r r — 2 r— 4 


Now, Kj is evidently rr. ,\K^=2. 

Multiplying the above factors on both sides respectively 
we obtain — 


r_ r-2 ^-a r-4. ^- 4 - 


K, = 

2-(i)* ■(!)“ 

” (i) “ (i) ” (1) * 

... 



( ::: )■ ( 

r- 3 y / r-2 \ 
r— 2 ) V »■— 1 /V f 

‘)(i 

1 

/ 



when r is even 


(A) 

or = 

2' - (i) 

r-l r-3 r-5 r-u 

‘ (I) “ (^) “ (1) ’ 

r - R 
(^) “ 

... 

( 

' r — 4 ^ 

) \ ^ 


)(V 

)■ 



when r is odd 


(B) 

Prom 

the formulae, 

(A) and (B) we may 

calculate 

the 

content” 

of spherics of any number of dimensions up to n. 


Thus, 

putting r=2, from (A) we obtain 




K,=2* 
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,% V, =area of a circle=7ra*, a being the radius. 

Putting r=3, from (B) we have 
K3=2»- (i)-!-? =i7r. 

Vs=Volume of a sphere=^ tt a®. 

Putting r=4, from (A) we get 

K.=2-a)® (I) a)(?)" 

=^V2 

V 4 =content of the Hyper-sphere =^7r® a*.* 

Note . — It is interesting to note that as we pass on to spherics of dimen- 
sions higher than threei the expression for the " content " contains higher 
powers of ‘ t' It is further noticed that the power of -n in the expression 
is increased by unity for every second higher dimensions. Thus for spaces 
of 4 and 5 dimensions the power is 2, for 6 and 7 dimensions it is 3, and so 
on. Also, for 2 and 3 dimensions the power is unity. 


§47. To find the Surface Content ” of an r-spheric. 

The surface of an r-spheric is of (r— 1) dimensions. 

Hence we may take the “ Surface -con tent ” to be equal to the 
(^_l)th power of the radius multiplied by a certain constant 
K^, i.e., if S, represents the surface-content, we have 

S, =K,.a^-. ... ... ... (1) 

Take a section of the spheric by an (r— 1)-Bpace at right angles 
to the rth axis. 

The section will be an (r-1) -spheric. Now consider the sur- 
face-content of a section of the r-spheric of very small 
extension dXr in the direction of the rth axis. 

Let dsr represent the length of the arc of the strip in this 
direction. 


• yide — H. P. Manning, Geometry of four dimensions, § 105, Cor I. 
Manning oalls this “content” of the Hyper-sphere — “The Hyper-yolume.” 
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/ (r-2) 

K,_iy d$r where y, is the radius of the 


— 1) -spheric 

and yr 

a 

a 

But dsr = 

dx^ + dr*. 

II 

1 

CQ 



dxj. 


r+a 

S, = 

1 K,_, 


J -o 


r+a 


L 


(r— 2) 


(r-3) 


= a” - ^ “ dr . 


= 2 Kr-i a 1“ cos 0 d9 (putting Xr=a sin 6) 


r - 1 >• - 1 

,K,.a =2K,., a 

K,/K,_, = 2j' 


Tjps 0 


(r^2) 

COS 6 dO 


= 2* ^ ... ^ (when r is odd) 

r — 2 r — 4 3 


r — 3 r — 5 3 1 tt , , . v 

or = 2- 5 -. ... —(when r is even). 

r— 2 r— 4 4 2 2 


Putting r=4, 5, 6 in succession we get 

K./K.=8.*.I 

K./K.=2. 
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Ka/K,_2. 2' 


(A) 


K,/K,_,=2.1.« I ^l.J.(reven). 

— 

But K,=4,r=2». 1^=2’. 

/. Multiplying the factors on both sides respectively we get 

(r (r (r (i)^ (r ■■ 

■C-El)- (^) (i)’ 

(when r is even) 

a)-(i)-(ir(D- 

...(jEiy (^)' (^)(^)(iF 

(when r is odd) 

Therefore by means of formulae (1), (A) and (B) we may 
calculate the “surface-content” of spherics of any number of 
dimensions. 

Thus, when r=2, from (A) we get 

K.=2*. =27r. 

« 2 

S j =circumference of a circle =27ra. 

When r = 3, from (B) we get 

K,=2». I = 


(D) 




AiTAtYTiCAL geometry. 

S,=Surface of the sphere =4™®. 

When r=4, from (A) we get 



/. 84 =“ Surface-content ” of the Hypersphere=27r®a®* 

Note . — Here also we find that the expression for the “ surface-content ” 
contains higher powers of t when we pass on to spherics of dimensions higher 
than three, and the power increases by unity for every alternate dimensions. 

* Cf. Manning — Geometry of four dimensions §166. Ho names this “surface- 
content ” as the volume of the Hyper-sphere. 











